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The contributions of this note are threefold: First, this note shows that it’s possible to generally
apply Lee-Yang Theorem to solutions of Einstein equation.

Secondly, since Lee-Yang Theorem could be applied, then we can use this theorem to check
whether there is a phase transition of the universe spacetime. If so, in a similar fashion that is done
by A. Einsten [1] that the existence of phase transition might be the best indicator to show the
existence of quantum gravity, since only if there are small building blocks, so-called the spacetime
atoms, could make a phase transition happen. It follows that this note actually gives readers a
handy tool to investigate the existence of quantum gravity.

Thirdly, this existence of the applicability of Lee-Yang Theorem on a partition function of space-
time manifold might also shed some light on the connection between the number theory and geo-
metrical objects (the spacetime manifold). The connection to the Riemann Zeta function is quite
interesting when one is also studying the distribution of non-trivial zeroes of the Riemann Zeta

function, i.e. the Riemann Hypothesis[2].

PACS numbers: 98.80.Cq, 04.70.Dy, 11.10.Kk

I. INTRODUCTION

Limited by the author’s knowledge, in this note Shaw-
Barrow’s model[3, 4] is used as a starting point. It’s not
a unique way to do the following calculation, and this
may also not the best choice, if one can find a better
way to represent a larger class of solutions of Einstein’s
equation.

The reason why this model was chosen is also due to
the fact that this universe is included in this model, hence
everything we did based on this model can also be tested
in the future. Further, even this model fails in the future,
the main idea of this note can still be true. The main idea
of this note is parallel to how Einstein’s original thought
of his theory of Brownian motion.

In [1], Einstein’s major goal is to find facts that would
guarantee as much as possible the existence of atoms. In
this note, the author was inspired by this Einstein’s idea,
but this time we have to deal with unconventional atoms—
the spacetime atoms, to investigate their existence.

The main idea of being that applying Lee-Yang Theo-
rem to a partition function of space-time manifolds of the
universe, and if one can show a phase transition exists,
then one also shows the existence of quantum gravity.
The existence of phase transitions is based on the dis-
tribution of zeros that to see whether there is a curve
composed of zeros across the real axis.

This note will be following the notations as described
on these references [3, 4].

For the de facto reason, let’s define an action,
Lot [gW, U A; M], of the whole Universe on a manifold

*Electronic address: whchuang@usfca.edu

M, with boundary M, and effective CC, A, matter
fields ¥* and metric g,,,,. Usually, bare CC, A, is a fixed
parameter and the wave (partition) function of the Uni-
verse, Z[\; M| = Zx[M], is proffered by

ZpM] = Z ethrot x [gauge fixing terms], (1)

where {Q} are some fixed boundary quantities which
are generalized charges on d M, and the sum is over all
histories (i.e., configurations of the metric and matter,
8, V) is consistent with these fixed charges. The domi-
nant contribution to Zx[M]is from the histories for which
Lo is stationary for g,, and U* variations that preserve
the {Q*}. In these dominant histories, the matter and
metric fields obey their classical field equations.

II. A FURTHER INVESTIGATION

In [3], Shaw and Barrow found that up to the linear
order O(kz?), the action can be rewritten as follows:

4 [TO

1
I, = a*(r) (0 — 7)3 {—1" - Peff(a)} dr, (2)
3 0 K ’
where P.s¢(a) = Py, — Ly, and T = (k/a®)[2/3 + 7/ (10 —
7)]. I is defined to be I, evaluated with g, and the
matter fields obeying their classical field equations.
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It follows that
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where P,, can be contributed by radiation, dark mat-
ter and baryonic matter. As a result that py > prad,
the dominant contribution to P.f; comes from baryonic
matter and P.yy ~ (ppp. The terms in Iy only de-
pends on A\ through the scale factor a(7), I' o< a=2 and
Perr ~ Gppy < a3, Therefore, equation (2) as well as (3)
can be rewritten again as follows:

dr (7O 1 1 1
Ig=— 4 )3 =) == - ——| dr.
=) (7)(70 = 7) [(K) (1) a3(7.)] T
(4)

The above action can be more simplified:

4 [7O

Icl:_
3Kk Jo

(10 — 7)3 [CL2(T) - a(T)] dr. (5)

For the matter dominate era, suppose the scale factor
a(t) o< 72/3 | then one can derive that

4 [T
Iy, = 3—: : (o —7)3 [74/3 — 72/3} dr (6)
~(4n (24371 — 26) @
— \3k 80080 '

and the classical action, I, versus observer’s cosmic
time, 79, is plotted in FIG. 1.
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FIG. 1: A I.-79 diagram which interprets that the monotonic

increasing tendency corresponding to observer’s cosmic time
increasing.

In conformity with [3], section ITA, one has the follow-
ing form in the classical limit:

N
ZM ~ 3N pllesplals M), (8)
a=1 A

1k
K a?

RN I

Motivated by simplicity and extracting the significant
theoretical meaning, now assuming that the weight func-
tion can be fixed as unit function and only focus on the
classical solution, i.e. the Universe we live then the first
summation can temporarily neglect. Then one can easily
derive the sui generis partition:

ZIM] & exp(ila[A; M]). 9)

Now, substitute equation (7) into equation (9), then we
could have

N ami\ [ 243743 (11727 — 26)
Z|M] ~ exp ((37)< 20080 . (10)

this partition function can be plotted by decomposed into
real-part, Re[Z], and imaginary part, Im[Z]. The pa-
rameter is observer’s cosmic time, 7y as in FIG. 1.

FIG. 2: A 3D diagram for illustrating the rate changing as
the observer’s cosmic time increasing.

According to FIG. 1; apparently, there is a tendency
that as 79 increasing, the corresponding value of clas-
sical action proliferating as well. This tendency is also
reflected in FIG. 2. In the finite temperature field the-
ory perspective, the physical meaning of the observer’s
cosmic time, 79, is related to inverse temperature with
respect to the partition function which is derived as fol-
lows. Applying wick rotation, then 7y replaced by —it.
Furthermore, 8 = t/h = t, where § := 1/kT, k is the
Boltzmann constant and A = 1. Thus we get a vital
relation t = 1/kT = irp.

Consider that we can investigate critical phenomena,
phase-transitions, of a system by investigating the distri-
bution of Lee-Yang zeros. This notion is first proposed by



Lee and Yang in 1952[5, 6], and generalized by Fisher and
many other following researchers. Currently 3D quantum
gravity(QG) still has many ambiguities[7, 8], especially
on partition function[9]. Witten[10] applied the notion
of Lee-Yang zeros to partition function of 3D quantum
gravity and found that this procedure can be used to
explain Hawking-Page phase transitions of black holes.
All Lee-Yang zeros can be located by tessellation map-
pings. Insofar as Witten’s approach is concentrated on
the partition function of BTZ black holes with different
geometries, it’s natural to think that whether in general
this can be applied to the solutions of Einstein equation.
However, the difference here is that the former is applied
to a black hole, and the later, in this note, was applied
to a universe. (Though from classical general relativity
point of view, a black hole solution is equivalent to a uni-
verse solution of the Einstein equation.) Thus, the goal
in the remaining of this section is concentrated to lay on
foundation for investigating the distribution of Lee-Yang
zeros of the partition function which is corresponds to
the Universe.

Rewritten summation of effective CC, A, in equa-
tion (8) into observer’s cosmic time, since we have already
known that A depend on 7 in the previous discussion (A
is in the implicit expression of a(7), and a(7) oc 72/3,
thus A can be labeled by 7 = 7p). Change variable
0 =n,n € N.

— (( 4m') (243n14/3(11n2/ 3 _ 26) >)
lim exp (| — ,
oo £ 31 80080

(11)
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Simplify the above expression,

N .
ZIM] ~ lim Y ex Ami2A3. (n14/3(11n2/3 - 26))
N 2= P\ 3480080 '

(12)
Assume
47243
A= ———|. 1
! (3%80080) (13)
Therefore,
N
~ 1 . 16/3 _ 14/3
Z[M| ngrloogexp (Alz (11n 26n. )) :
(14)
N
~ ngnoo > {exp (Alillnw/g) exp (—A1i26n14/3)} .

(15)
. Thus, the equation (15) is

Wl

Define that z = (exp(A11))F
taking the following form:

N
ZIM] = lim (211"162_26"14) (16)
N—o00 0
N 16 14
. . 11n"°—26n
= S (Een) o
= ) K, (18)
K=0
where I let (11116 — 26n'?) .= K, K € Z.
Finally, according to equation (18) we derive:
ZM) = Y 2K (19)
K=0
i z
= 1—— 20
I(i-2). (20)

i=1

where the fundamental theorem of algebra have been
applied, and z; denotes the partition function zeros( after
Lee-Yang theorem be applied, we can call them as Lee-
Yang zeros).

The equation derived in this note: (19) and (20) im-
ply that Lee-Yang theorem can be applied in this the-
ory. Furthermore, this analysis method can be gener-
alized to whole classes of Shaw-Barrow theory. Thus,
phase-transitions can be numerically analyzed by using
equation (19) and (20) with keeping track of the location
and distribution of Lee-Yang zeros.

III. CONCLUSION

This note shows that we can apply Lee-Yang Theorem
to the exponential class of the partition function of the
universe implies the possibility of the phase transition of
the spacetime of our universe.

However, there are at least two important open ques-
tions should be focused on: First, to make a further in-
vestigation of this work to study whether a phase tran-
sition really happens in the spacetime manifold of our
universe. If this is the case, then as mentioned earlier in
the Abstract, in a similar fashion in [1], we can see the im-
plication of the phase transition—it implies the existence
of quantum gravity. Secondly, a systematic investigation
of the distribution of Lee-Yang zeros are necessary to be
constructed. Since by studying this distribution, we can
learn the information of the phase transition of the sapce-
time manifold (if it exists). Furthermore, the connection
to the Riemann Zeta function is quite interesting: the
connection between quantum gravity and number the-
ory, especially when one is studying the connections be-
tween geometrical objects (Riemannian manifolds) and
numbers.

It’s due to the example we have shown in this paper,
this work may shed some light on using General Relativ-
ity (Einstein-Hilbert Action, and Einstein equation and



solutions) to study number theory, especially on building
intuitions on the distirbution zeroes of partition func-
tions. Now we have assigned a mapping between the
distribution of zeroes and geometrical objects, hence this

appraoch might also useful for physicists to investigate
the distribution of non-trivial zeroes of the Riemann Zeta
function, i.e. the Riemann Hypothesis[2], or in general,
Dirichlet L-functions in a partition function perspective.
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