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Conformal Transformation

Conformal Transformation —Applications

@ 1984 Wald
GR: Asymptotic flatness and in the initial value formulation.
@ Fermat Principal
Perlick 1990, Schneider, Ehlers and Falco 1992
@ Gravitational Lensing in the (conformally flat)
Friedmann-Lemaitre-Robertson-Walker Universe
Perlick 1990, Schneider, Ehlers and Falco 1992
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Conformal Transformation —Applications

@ Wave Equations
Sonego and Faraoni 1992
Nonan 1995

@ Optical Geometry near black hole horizons
Abramowicz, Carter and Lasota 1988
Sonego and Massar 1997
Abramowicz et al. 1997

@ Exact Solutions
Van der Bergh 1986, 1988
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Conformal Transformation —Applications

@ Quantum Field Theory in Curved Spaces
Birell and Davies 1982

@ Statistical Mechanics and String Theories
Dita and Georgescu 1989
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Conformal Transformation

Conformal Transformation —Intro.

which is often used as a mathematical tool to map the
equations of motion of physical systems into mathematically
equivalent sets of equations that are more easily solved and
computationnally more convenient to study.
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Conformal Transformation —Intro.

which is mainly used in three different areas of gravitational
physics:

@ Alternative (including nonlinear) theories of gravity
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Conformal Transformation

Conformal Transformation —Intro.

which is mainly used in three different areas of gravitational
physics:
@ Alternative (including nonlinear) theories of gravity

@ Unified theories in multi-dimensional spaces

© Scalar fields non-minimally coupled to gravity
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Conformal Transformation

Conformal Transformation —Intro.

more precisely description

A conformal transformation is essentially a local change of
scale.
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Conformal Transformation

Conformal Transformation —Intro.

more precisely description

Since the distance are measured by the metric, hence the
metric is multiplied by a spacetime-dependent (nonvanishing)
function.

O = w?(X) G

i.e. d°s = w?(x)d?s

for some nonvanishing function w(x) x is used to denote the
collection of spacetime coordinate x*.

Guv = w2(X)gpuu is trivial.
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Conformal Transformation —Intro.
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Conformal Transformation —Intro.

with this sense we have two way to appy

Applications

@ To change dynamical variables in a scalar-tensor theories.
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Conformal Transformation

Conformal Transformation —Intro.

with this sense we have two way to appy

Applications

@ To change dynamical variables in a scalar-tensor theories.

© Remap spacetimes into convenient conformal
(Penrose)diagram.
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Conformal Transformation —A Critical Fact
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Conformal Transformation —A Critical Fact

Null curves are left invariant by conformal transformations.
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Conformal Transformation —A Critical Fact

Null curves are left invariant by conformal transformations.

A curve x*(x) is null iff. its tangent vector dx“ is null.
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Conformal Transformation

Conformal Transformation —A Critical Fact

Null curves are left invariant by conformal transformations.

A curve x*(x) is null iff. its tangent vector dX” is null.

Extension—Property

By the theorem above we can show that "Conformal
transformation leave light cones invariant.”
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Conformal Transformation —A Critical Fact
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Conformal Transformation —A Critical Fact

Proof of Extended Property

@ By the Thm.
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Conformal Transformation —A Critical Fact

Proof of Extended Property

@ By the Thm.
9 gpu%% =
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Conformal Transformation

Conformal Transformation —A Critical Fact

Proof of Extended Property
@ By the Thm.
9 gpu%% =
© Then by the conformal transformation, we have the relation
such as:
G = WP(X)Guw
substisude into above equation
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Conformal Transformation

Conformal Transformation —A Critical Fact

Proof of Extended Property

@ By the Thm.
axH dx”
Q g.%- % =
© Then by the conformal transformation, we have the relation
such as:
G = WP(X)Guw
substisude into above equation
© we obtain that

~  dx* dx”
Q 9T Gx
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Conformal Transformation

Conformal Transformation —A Critical Fact

Proof of Extended Property

@ By the Thm.
axH dx”
Q g.%- % =
© Then by the conformal transformation, we have the relation
such as:
G = WP(X)Guw
substisude into above equation
© we obtain that

~ adxtadx¥ _ 2 ax* dx”
Q 9. G T =w (X9 Gx Gr
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Conformal Transformation

Conformal Transformation —A Critical Fact

Proof of Extended Property

@ By the Thm.
axH dx”
Q g.%- % =
© Then by the conformal transformation, we have the relation
such as:
G = WP(X)Guw
substisude into above equation
© we obtain that

~ adxtdx¥ __, 2 ax® dx¥ __
Q 9.5 % =w (XSS =0
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Conformal Transformation

How geometrical quantities change under conformal
transformation?
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Conformal Transformation

How geometrical quantities change under conformal
transformation?

A conformal transformation is not a change of coordinates, but
an actual change of the geometry.
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Conformal Transformation

How geometrical quantities change under conformal
transformation?

A conformal transformation is not a change of coordinates, but
an actual change of the geometry.

e.g. Timelike geodesics of g,,, will generally differ from timelike
geodesics of g,
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Conformal Transformation
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Conformal Transformation

Thus, we can use conformal transformations to change our
dynamical variables:
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Conformal Transformation

Conformal Transformation

Thus, we can use conformal transformations to change our
dynamical variables:

Anything that is function of g,,, can be equally well thought of
as a function of g, and w(x).
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Conformal Transformation

Conformal Transformation

Thus, we can use conformal transformations to change our
dynamical variables:

Anything that is function of g,,, can be equally well thought of
as a function of g, and w(x).

Then it can be called that the quantities are expressed in the
conformal frame.

William Chuang Controversial Issue: Physical Equivalence of JF and EF



Conformal Transformation

Conformal Transformation

Christoffel Symbols
My =T + L(EViw + 85V 0w — G4 gP Vw)
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Conformal Transformation

Conformal Transformation

Christoffel Symbols

[ =T+ 1(80Vow + 85V 0w —

- I_Zu + C,pr

g;wgpAv)\W)
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Conformal Transformation

Conformal Transformation

Christoffel Symbols

fﬁ,, =T+ %(6ﬁvyw + 60V w — G 9”Viw)
= I_Zu + C,pr

where Cf, := L(6V,w + 6V, w — g g° V) w)
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Conformal Transformation

Conformal Transformation

The first covariant derivative of a scalar field ¢

\Ye
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Conformal Transformation

Conformal Transformation

The first covariant derivative of a scalar field ¢
Vb=V,
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Conformal Transformation

Conformal Transformation

The first covariant derivative of a scalar field ¢
Vb=V ,up= 0.
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Conformal Transformation

The second covariant derivative of a scalar field ¢
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Conformal Transformation

Conformal Transformation

The second covariant derivative of a scalar field ¢

In Conformal Frame
V.V
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Conformal Transformation

The second covariant derivative of a scalar field ¢

In Conformal Frame
V. Vup=V,V,é
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Conformal Transformation

Conformal Transformation

The second covariant derivative of a scalar field ¢

In Conformal Frame
V. Vo=V, V,u—(8550 + 6265 — Guwg®® )™ (Vaw)(V50)
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Conformal Transformation

Conformal Transformation

The second covariant derivative of a scalar field ¢

In Conformal Frame

V. Vo=V, V,u—(8550 + 6265 — Guwg®® )™ (Vaw)(V50)

v

In Original Frame

ViV

A\
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Conformal Transformation

Conformal Transformation

The second covariant derivative of a scalar field ¢

In Conformal Frame

V. Vo=V, V,u—(8550 + 6265 — Guwg®® )™ (Vaw)(V50)

v

In Original Frame

V. Vup=V,V,é

A\
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Conformal Transformation

Conformal Transformation

The second covariant derivative of a scalar field ¢

In Conformal Frame

V. Vo=V, V,u—(8550 + 6265 — Guwg®® )™ (Vaw)(V50)

v

In Original Frame

V. Vo=V, V(8500 + 6205 — Guwg®? )™ (Vaw)(Vé)

A\
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Conformal Transformation

Conformal Transformation

D’ Alembertian

In Conformal Frame
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Conformal Transformation

Conformal Transformation

D’ Alembertian

In Conformal Frame
¢ = w20¢

William Chuang

Controversial Issue: Physical Equivalence of JF and EF



Conformal Transformation

Conformal Transformation

D’ Alembertian

In Conformal Frame
O¢ = w20¢ +(n — 2)g°Pw=3(Vaw)(Vse)
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Conformal Transformation

D’ Alembertian

In Conformal Frame
O¢ = w20¢ +(n — 2)g°Pw=3(Vaw)(Vse)

In Original Frame
Wl
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Conformal Transformation

D’ Alembertian

In Conformal Frame
O¢ = w20¢ +(n — 2)g°Pw=3(Vaw)(Vse)

In Original Frame
O¢ = w20é
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Conformal Transformation

Conformal Transformation

D’ Alembertian

In Conformal Frame
O¢ = w20¢ +(n — 2)g°Pw=3(Vaw)(Vse)

In Original Frame

O¢ = w20 —(n — 2)F*Pw(Vaw)(Vsw)
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Conformal Transformation

Ricci Scalar

In Conformal Frame
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Conformal Transformation

Conformal Transformation

Ricci Scalar

In Conformal Frame
R= w 2R
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Conformal Transformation

Conformal Transformation

Ricci Scalar

In Conformal Frame

R=w2R-2(n—1)g*fw=3(VaVsw)
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Conformal Transformation

Conformal Transformation

Ricci Scalar

In Conformal Frame

R=w2R -2(n—1)g*w3(VaVsw)
—(n—=1)(n—4)g*’w*(Vaw)(Vsw)
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Conformal Transformation

Ricci Scalar

In Conformal Frame

R=w2R-2(n—1)g*fw=3(VaVsw)
—(n—=1)(n—4)g*’w*(Vaw)(Vsw)

In Original Frame
R

William Chuang Controversial Issue: Physical Equivalence of JF and EF



Conformal Transformation

Conformal Transformation

Ricci Scalar

In Conformal Frame

R=w2R-2(n—1)g*fw=3(VaVsw)
—(n—=1)(n—4)g*’w*(Vaw)(Vsw)

In Original Frame

R = 2R
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Conformal Transformation

Ricci Scalar

In Conformal Frame

R=w2R-2(n—1)g*fw=3(VaVsw)
—(n—=1)(n—4)g*’w*(Vaw)(Vsw)

In Original Frame

R = w?R +2(n — 1)§*Pw(V,Vsw)
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Conformal Transformation

Conformal Transformation

Ricci Scalar

In Conformal Frame

R=w2R-2(n—1)g*fw=3(VaVsw)
—(n—=1)(n—4)g*’w*(Vaw)(Vsw)

In Original Frame

R = w?R +2(n — 1)§*Pw(VoVgw) —n(n — 1)§%(Vaw)(V sw)

v
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Mathematical Tool: Conformal Transformation
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A:/d4x¢fgf(R)+Am, (1)

where f(R) is a generic function of the Ricci scalar R and A,
is the action of a perfect fluid minimally coupled with gravity.
Obviously assuming f(R) = R the standard Einstein theory is re-
covered. Varying with respect to g, we get the field equations

Tﬂv
_ curv
Guv =T, + 2R (2)
where
1
Guv=Ruv — ERg;w (3)

and T/fL“]f" is an effective stress—-energy tensor constructed by cur-
vature terms in the following way
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curv 1 1 /
T;Lv = W{igﬂv [f(R) — Rf (R)]

Ry - g,wf'uz)gg}. @

This tensor is zero for f(R) = R. The prime indicates derivatives
with respect to R.

In a Friedmann-Robertson-Walker (FRW) metric, taking into
account a dust-matter perfect fluid, a point-like Lagrangian can be
obtained

L=a*[f(R) - f'(R)R] +6a*f"(R)Ra
+6f'(R)aa® — 6kf'(R)a + D, (5)

where D represents the standard amount of dust fluid, such that
o = D/a® [31]. The energy function E., corresponding to the
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In a Friedmann-Robertson-Walker (FRW) metric, taking into
account a dust-matter perfect fluid, a point-like Lagrangian can be
obtained

L=a[f(R) — ['(RR]+6a*f"(R)Ra
+6f(R)aa® — 6kf' (R)a + D, (5)

where D represents the standard amount of dust fluid, such that
p= D/a3 [31). The energy function Ep, corresponding to the
{0, 0}-Einstein equation, is

Er =6f"(R)a’aR + 6f'(R)aa®
—@[f(R) — F'(R)R] + 6kf'(R)a— D = 0. (6)
The equations of motion for @ and R are respectively
" 2 ﬁ k
FUR)|R+6H+6-+6—|=0, (7)
a a
677 (RIR2 + 65" (R)R + 6 (ROH? + 12/ (R)S
a

:3[f(R)*f’(R)R]*12f”(R)HR*6f/(R)a£, (8)

where H =d/a is the Hubble parameter. Eq. (7) ensures the con-
sistency, since R coincides with the definition of the Ricci scalar in

William Ch
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9 " .
Ep= 7§aZ\R\*1/2Ra+ 9|R|2ad?

ES
- 5\12\3/2 +9KkR|Y%a — D
=0 (10)

Referring to [30], it is possible to show that such a model has a
Noether symmetry that allows to find out an exact solution for
Egs. (6), (7) and (8) for this particular f(R), that is

alt) = Vit ¥ B + 0t + art (n
with
> 1% X1
Ul BT Tk
prs Ty , 4D
=0 gpze 4D 12
“=365, = Tom e

where k is the spatial curvature, Z'1 the Noether charge and T
the integration constant.

In order to fix the coefficients a{s, we have to consider time
units in which the current time is to = 1. However, one can con-
struct the dimensionless quantity Hotg ~ 0.93 which has to remain
constant. Therefore the Hubble parameter results of order one (we
choose Ho=1 for simplicity). The current deceleration parameter
can also be fixed taking qo = —0.4, which could describe a rea-
sonable current acceleration. Finally, a unit value for the present
scale factor value is considered. This assumption can be always
done if no restriction on the value of k is imposed. In order to
fix the remaining free parameters, we consider aq = 0.106, which
leads £2mo = 0.0418032 (with £2m = p/[6H2f'(R)]), very close to
the expected content of baryonic matter. With these assumptions,
the scale factor is

Re-examine of This Paper

18

which, by defining a auxiliary scalar field ¢ in the following way,

3 1
@(R) :\/;m(s\m ), (16)
can be written as
Ag :/d“m/—g{—‘:iem“’ + %ewﬂﬂ, (17

The new field ¢ does not introduce any physical new feature, since
it is only a way to recast the further gravitational degrees of free-
dom related to f(R)-gravity. In fact, it can be seen that chis is the
case, since the ¢-field equation obtained from Eq. (17) produces
only Eq. {16). If we perform a conformal transformation by the
conformal parameter

bo) = ap<§g>

which is a function of the time ¢t since @(R(t)) = @(t), the resulting
action is the Hilbert-Einstein action with a scalar field ¢ (t)

(18)

[ IR 1.

o= [y -Bl-devapanrv)| a9
where |Z,u ] = b(t)*diag(—1,e(t)?,at),a(t)®), R is the Ricci
scalar of the metric g,y and V(@) = exp[+/2/3¢]/54. If we define
anew time variable , in such a way that dr = b(t)dt, we recover
a FRW mettic gy, but now with a scale factor ag(z) =b(zJa(z)

Py Ll
Ag = XV =8~

—FERAe TG | o)
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o) =/ Z[24+0.53¢ — 1)? 41421 (13)
and the Ricdi scalar

941 +2126)°
R@ = @210 (14

212¢(147 4 259¢ + 4162 4 53¢3)

This model describes a spatially open Universe, k ~ —0.5, We have
to note that the measurable quantity is not this parameter but
$2ro =2 0.02 which is very small. Moreover, since the requirement
$2¢ =~ 0 is derived by the spectrum of the CMBR data, and these
data strongly depend on the standard ACDM model, we cannot
conclude that this feature is needed in our f(R)-model

In fact, this solution, in principle, seems to reproduce satisfac-
torily observational data, out from the trivial fulfillment of the a
priori fixed. In particular, the scale factor (13) is able to emulate a
dust dominated epoch necessary for the structure formation, with
only a difference with respect the standard ap ~ t?/3 of the 3%
in the range 2 € z < 4, and the distance modulus detived by this
model is also able to reproduce the SNela data [30].2

3. Conformal transformation
Let us consider now the gravitational part of our action, ie.

do=— [ atn /=g, (15)

2 This choice of the parameters is interesting because it produces results which
turn out to be reasonably good at least from. the point of view of observational
tests. However, the following comparison with the Einstein frame is not dependent
on this choice

Re-examine of This Paper

R is the Ricci scalar of the metric &y, R(T) =R((D), &(1) =
() and V(@) = V(). Taking also into account the mentioned
trans formations in the matter component, we obtain the total ac-
tion in the Einstein frame and the point-like FRW Lagrangian

3
£=30z(buap) — 3kag — 0.5

+a V@) +ePVop,, @n
where g = D/ai-. Such a Lagrangian shows a coupling between
the matter term and the scalar field, which will produce the non-
conservation of both fluids individually.

The Einstein equations yield

Guw = T8, + 70, + T, (22)
where

Tﬁv =8, ¢8up — %éu‘?ém@gw + V@, (23)
Tﬂ‘v = diag(fm, 0, 0, 0), (24)
and

Tt = (7% 1) diag(pm, 0, 0, 0). (25)

It should be noted that, whereas 77, is conserved ?ﬂ‘, and TJF, do
not fulfill any conservation law separately, but (T}, + Tiyr =0,
This result has to be taken into account in order to compare results
in Jordan and Einstein frames,

Physical Equivalence of JF and EF
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4. Jordan frame versus Einstein frame

In the previous section, we have shown how to perform a
conformal transformation of f(R)-gravity to obtain GR with a dy-
namical scalar field, being therefore both frames mathematically
equivalent. However, this mathematical equivalence does not nec-
essary ensure the physically equivalence of both frames. In fact,
whereas, in the Jordan frame, the matter term is not coupled to
any field or to gravity, in the Einstein frame there is a coupling be-
tween the matter and the scalar field, appearing as an interaction
term in the Einstein equations (22). This fact is crucial in compar-
ing the physics in the two systems.

In order to show that the two frames could be physically equiv-
alent, we have to compare the physical quantities of the mentioned
two frames. This is a delicate issue since the selection of such
quantities should be unambiguous.

Through the definition of the conformal factor, Eq. (18), and
Egs. (14) and (16), one finds the explicit form of this parameter in
terms of t

3441+ 212t
A/10B(147¢ + 25962 + 4123 + 53t4) 174

with ¢ the cosmic time in the Jordan frame, which is related to the
cosmic time in the Einstein frame

r:/b(r)dr, (27)

b(t) =

(26)

Since ap(t) = b(t)a(t), Eq. (26) allows to obtain the scale factor
in the Einstein frame in terms of ¢ and, therefore, in terms of ©
trough Eq. (27). In such a way, taking into account Egs. (18) and
(27), one can known, in principle, the explicit form of ¢(z). Unfor-
tunately, it is not possible to obtain an analytic solution for 7 (t),

60

40

Fig 1. Comparison of the Hubble parameter, H(z) in the Jordan frame and in the
Einstein {rame (dashed line), where the Hubble parameter in the Einstein frame has
been normalized with its current value,

z

Fig 2. Comparison of the deceleration parameter, q¢z) in the Jordan frame and in
the Einstein frame (dashed line).
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tunately, it is not possible to obtain an analytic solution for = (),
but we can perform a complete analytic study in terms of ¢, not-
ing that, in the Einstein frame, it is only an arbitrary parameter
and not the cosmic time. We thus maintain the dot for detivation
with respect to ¢ and write explicitly the derivatives wir.t. the cos-
mic time 7. This procedure will not affect the final results, because
they will be set in terms of the redshift, which is an observable
quantity.

Taking into account that ag (t) = b(t)a(t), we get the Hubble pa-
rameter in the Einstein frame

Bzag 1 ag
He(t)y = == 28
SO=" = e (28)

and a deceleration factor

(3%ap)op __dpop | bag
=ttt 29
0= a2 = bl @9
Since the redshift can alse be defined in terms of the parameter ¢,
ago

zZE(t)=—1+—"—, 30
® P (20)

where ag o is the current scale factor, we can eliminate the (un-
physical) parameter ¢, by considering couples of parametric equa-
tions. In order to perform this study, we must fit to =t(zo), and we
do that demanding that the dimensionless parameter g0 =—0.4
as it was required in the Jordan frame, setting the value to~1.24.
Figs. 1 and 2 show that the Hubble paramerter H(z) and the de-
celeration parameter ¢(z), respectively, are different in the Jordan
and Einstein frames. This means that the frames are not physically
equivalent (in fact, it would be enough that one of these physical
functions were different in the two frames).

One can also compare the dimensionless quantity (2o in
both frames. In the Jordan frame, one can easily see, from the

Re-examine of This Paper

Fig 2. Comparison of the deceleration parameter, q(z) in the Jordan frame and in
the Einstein frame (dashed line)

00-component of Eq. (2) that it must be defined as 20 =
ﬂm,n/(ﬁf’(R)H%) and takes a value compatible with the bary-
onic component of the Universe, i.e., around 0.04. This parame-
ter is defined in the Einstein frame as ém,o = ﬁm,O/(?)H% 0)» and
takes a value which is more than twice the value in the Ein-
stein frame, that is $2m,0 = 0.09. On the other hand, in the Ein-
stein frame there is an interaction term which produces (20 =
(1/b — 1) im0/ (3H} 5) = —0.0567, therefore its absolute value is
more than one half the value of the matter component, so it
should produce some observable effect.

In order to show even more clearly than the Jordan and Einstein
frames are not equivalent, we illustrate this fact in the following
way. Let us consider two different researchers studying the medel
presented in Section 2 following two different routes. One of them
refers all its calculations to the original Jordan frame and con-
clude that this model can describe the distance modulus data, as
it is shown in [30]. The other one considers that the Jordan frame
and the Einstein frame are physically equivalent and calculate also
the distance modulus, but in the Einstein frame. As it is shown in
Fig. 3, they obtain different functions. Since the function calculated
in the Jordan frame fits the mentioned data, while the function ob-
tained in the Einstein frame does not, the second research would
conclude thar the model does not describe our Universe, whereas
the first one would continue with his study.

5. Conclusions

In this Letter, we have shown that the Jordan and Einstein
frames could not be physically equivalent according to the choice
of observable quantities. We have consider a particular f(R)-model
and the resulting model in the Einstein frame, cbtained by a
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My Study Work

1. | check the solution a(t) in this paper by using Mathematica,
but it seems not the sol. of the eq. of motion which authors
gave in this paper.

2. | cannot solve thess non-linear ODEs(system) till now.

3. Moreover, | sketch the H-z and g-z diagram which are using
the solution of this paper, but finally, they are different. (Althouh
in my diagrams, the curves of JF and EF also different.)
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