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Conformal Transformation —Applications

1984 Wald
GR: Asymptotic flatness and in the initial value formulation.
Fermat Principal
Perlick 1990, Schneider, Ehlers and Falco 1992
Gravitational Lensing in the (conformally flat)
Friedmann-Lemaitre-Robertson-Walker Universe
Perlick 1990, Schneider, Ehlers and Falco 1992
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Conformal Transformation —Applications

Wave Equations
Sonego and Faraoni 1992
Nonan 1995
Optical Geometry near black hole horizons
Abramowicz, Carter and Lasota 1988
Sonego and Massar 1997
Abramowicz et al. 1997
Exact Solutions
Van der Bergh 1986, 1988
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Conformal Transformation —Applications

Quantum Field Theory in Curved Spaces
Birell and Davies 1982
Statistical Mechanics and String Theories
Dita and Georgescu 1989
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Conformal Transformation —Intro.

which is often used as a mathematical tool to map the
equations of motion of physical systems into mathematically
equivalent sets of equations that are more easily solved and
computationnally more convenient to study.

William Chuang Controversial Issue: Physical Equivalence of JF and EF



Outline
Conformal Transformation

Controversial Issue: Physical Equivalence of JF and EF
Outlook

Conformal Transformation —Intro.

which is mainly used in three different areas of gravitational
physics:

1 Alternative (including nonlinear) theories of gravity

2 Unified theories in multi-dimensional spaces

3 Scalar fields non-minimally coupled to gravity
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Conformal Transformation —Intro.

more precisely description
A conformal transformation is essentially a local change of
scale.
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Conformal Transformation —Intro.

more precisely description
Since the distance are measured by the metric, hence the
metric is multiplied by a spacetime-dependent (nonvanishing)
function.
g̃µν = ω2(x)gµν
i.e. d̃2s = ω2(x)d2s

for some nonvanishing function ω(x) x is used to denote the
collection of spacetime coordinate xµ.

Note that

gµν = ω−2(x)g̃µν is trivial.
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Conformal Transformation —Intro.

with this sense we have two way to appy

Applications
1 To change dynamical variables in a scalar-tensor theories.
2 Remap spacetimes into convenient conformal

(Penrose)diagram.
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Conformal Transformation —A Critical Fact

Null curves are left invariant by conformal transformations.

Theorem

A curve xµ(x) is null iff. its tangent vector dxµ
dλ is null.

Extension—Property
By the theorem above we can show that ”Conformal
transformation leave light cones invariant.”
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Conformal Transformation —A Critical Fact

Proof of Extended Property
1 By the Thm.
2 gµν dxµ

dλ
dxν
dλ = 0

3 Then by the conformal transformation, we have the relation
such as:
g̃µν = ω2(x)gµν
substisude into above equation

4 we obtain that
5 g̃µν dxµ

dλ
dxν
dλ = ω2(x)gµν dxµ

dλ
dxν
dλ = 0
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Conformal Transformation

How geometrical quantities change under conformal
transformation?
A conformal transformation is not a change of coordinates, but

an actual change of the geometry.
e.g. Timelike geodesics of g̃µν will generally differ from timelike

geodesics of gµν .
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Conformal Transformation

Thus, we can use conformal transformations to change our
dynamical variables:
Anything that is function of gµν can be equally well thought of

as a function of g̃µν and ω(x).
Then it can be called that the quantities are expressed in the

conformal frame.
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Conformal Transformation

Christoffel Symbols

Γ̃ρµν = Γρµν + 1
ω (δρµ∇νω + δρν∇µω − gµνgρλ∇λω)

= Γρµν + Cρ
µν

where Cρ
µν := 1

ω (δρµ∇νω + δρν∇µω − gµνgρλ∇λω)
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Conformal Transformation

The first covariant derivative of a scalar field φ

∇̃µφ= ∇µφ= ∂µφ
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Conformal Transformation
The second covariant derivative of a scalar field φ

In Conformal Frame

∇̃µ∇̃νφ= ∇µ∇νφ−(δαµδ
β
ν + δαν δ

β
µ − gµνgαβ)ω−1(∇αω)(∇βφ)

In Original Frame

∇µ∇νφ= ∇̃µ∇̃νφ+(δαµδ
β
ν + δαν δ

β
µ − gµνgαβ)ω−1(∇̃αω)(∇̃βφ)
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Conformal Transformation
D’ Alembertian

In Conformal Frame

�̃φ

= ω−2�φ +(n − 2)gαβω−3(∇αω)(∇βφ)

In Original Frame

�φ = ω2�̃φ −(n − 2)g̃αβω(∇̃αω)(∇̃βω)
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Conformal Transformation
Ricci Scalar

In Conformal Frame

R̃

= ω−2R −2(n − 1)gαβω−3(∇α∇βω)
− (n − 1)(n − 4)gαβω−4(∇αω)(∇βω)

In Original Frame

R = ω2R̃ +2(n − 1)g̃αβω(∇̃α∇̃βω) −n(n − 1)g̃αβ(∇̃αω)(∇̃βω)
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My Study Work

1. I check the solution a(t) in this paper by using Mathematica,
but it seems not the sol. of the eq. of motion which authors
gave in this paper.
2. I cannot solve thess non-linear ODEs(system) till now.
3. Moreover, I sketch the H-z and q-z diagram which are using
the solution of this paper, but finally, they are different. (Althouh
in my diagrams, the curves of JF and EF also different.)
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