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Abstract
The goal of this project is twofold:

Firstly, to introduce the basics of

Fundamentalgroup including the

definition and the motivation

befind the fundamental group,
to calculate some examples , and

to define an induced homomorphism

by using a continuous map.

Secondly, applying the functional

property (corollary 52.5 in Munkres,
and we are using its countrapositive

statement) to classify the following
47 topological spaces into
do fundamental groups ?

(1) IN , n E It

(2) Sl



(3) use)A,DQ, R
ca) s
'

spaces in these shapes

⑥I s
'
Xs
'

Lll ) ( o , I] C IR ca closed interval)

(12)SlX---XS#, or n - leafed rose space
n-many Idps

43) - (31) X, Y, 2, T, S, C, E, F,

sis;:p:
these {G, H, I, J, K, L, Nl,

N, U, V, W

(32) { of Lone - point space)

(33) D- ( a disk in IR
"

)

(34) a cone space

(35) a convex space C IR
"

(361 a star - like space elk
"

(371 11331 Can unknot)
(38) 4231 (a left handed trefoil)

(39) IR
'
l (a right handed trefoil)



Xo) a Mio
'bi us band

141) a cylinder

(44 Rps

(43) a Klein bottle

144) Mhz - space, Th; s 'xs
'

(45) Mg space , y =L,z. . . . . -n
G"

(configuration spaces, n - tori)

146) A figure eight space §or letter B

147) HEL {0,03

Although if two topological spaces have

the same fundamental group then

we cannot say they are homeomorphic,
if two spaces have different groups,

then we can say they are not

homeomorphic .
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Part L . Motivations
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Goal : Determine whether two topological
spaces are homeomorphic.

51 = 5 ?

IN = IR
'

?

S' in 115 vs S
'
in 1122110,4

.

?

By Fun rial
Property
corollary X Y ⇒ Til Kilt)
52,5 isomorphic
(Munteres)

homeomorphic

Or
,
7hm 12 . 25

(Starbird-su)
quanta, ⇒ X # Y

But
,
THX)⇒HY)# X =Y

Ans : IT, ( s
'
) = I f- {e} -- Ty (5) ⇒ s

'#S2

Te, ( IN)= IT(IR) = . . - = IT,HR
"

) -- {e} ⇒ we cannot use

TiCX) to distinguish
Z IR and IR?



^

Why studying fundamentalgroup Thlx) ?

I. It's an eventual application
of investigating spaces like

complements of knots.

algebraic topo2. Iwtaycaenasouaenaaeernatine to Prolly inFundamental Theorem of Algebra pnunkres
without using analysis tools
( in complex analysis), i.e.
by using fundamental group

and

winding number.

3
.

Henri Poincare' defined the

fundamental group in 1895 and
had his conjecture five years

later (1900) :

The only solution to TT, LNP) = I is
an '=3

.

3



4
.

7hm 12,56 ( Starbird- su)

Each 2- manifold in the following
infinite list is topologically different
from all the others - on the list :

s
'

. It
,
RR
'

, ¥
.
.IT ?

⇒ By showing the associate groups
of above are all different , this

can lead to a proof of the
classification of 2-manifolds

that does not involve Euler

characteristic
,
orientability,

triangulations, in Topic -7

(Starbird- Su II. I- 11.5, Massey was.(Ch . I 85- §7)
For

"

example, Conway 's ZIP proof
( handle,

cross- handle
, cap,

and cross - cap)

4



5
. One more application is

to prove Brouwer
Fixed

point theorem.

Ed) Let D= { ix. g) EIR'/x4y
'

El}
If f : D-→ D2 is continuous,

then f has a fixed point
.

5



Non - ex of
"

⇐
"

of
"

corollary52,5
" I

TL, CHICK, ) = Th (WI Ks)
isomorphic

* Ki E ka
.@slk3lkin_lklKYhoTmeomorphice.g

. K, = right -handed trefoil knot

ke left-handed trefoil knot

Non -ex of "E
"

of
"

Cor . 52.5
" 2

.

1K, 1122, IK
"

,
{03 Lone-pt space)

S2
,
are not homeomorphic

but they are all homotopic
( TG (Xi)- e = I)

6



Part Tt . Theory Ll)

Basic definitions and theorems

of fundamental group

7-



Def
.
A homotopy of two functions

Let f, g :X→Y be continuous.

Then fe g Cf is homotopic to g)

if IH : XXI→ Y such that

HLX, o) = Ho = f-Cx)
,
ttxex.

HLX, 1) = H, = gcx)

Then H is called a homotopy between

f- and g .

Think { HLX, .), XE Cool]} as a set

of continuous functions continuously
deformed f to g .

8



Def. Homotopy equivalence of spaces
Two topological spaces X and Y

are homotopy equivalent

if
7- f : X→ y

Ig : Y-s X

such that

gof = idx
and fo g = Idg .

q



Let X be a topological space.
Def

. L is a continuous function that

maps a closed interval I to a
Act)

topological space X , then
•

x is called a path .
L :[ o, r ]→X

, RKO, tEIR. .§
,

e.g. Let a:3-s na

÷
Âll)

I o_0
O l

* x can cross or repeat itself.

If L is not normalized,
W H) : -- art ) is normalized

' : W( o) = x ( o) where 2(t) : cost]→X
Wcl) =L ( t)

'
w et) : Eo, I]-7X

(O



↳ : initial point.
Kk: final point } endpoints

x is a loop if -2107=24)

Def
.
If X :[o, r, ]→X and Hr, )=Bco)

Bio [o, he]-7K

then B*a is a product definedas follows

@*a) to ;=fd
't), otter,

Blt- ri)
,
r, EtErith

Pita is a path that maps
[ o, rith]→ X .

11



Def
.

Path hometopic

Two paths 2, B are path homoeopic
,

i.e. 2 =pB or 2. -B,

if and only if XO) =pco), du) -_BCD

⇐ I a homotopy H, H:AXI → Y, ACX
I
usually take A-Co, I]

Sit.
Itcost) = Ho -- LH)

H ( 1. t ) = th -- Bct) , ft eco, I]

H (X, o) = 210) =Pco)

H (X, 1) = all) = Pcl), the Eo , 17

Eg . (Exercise 12.4 Starbird- Su)
x

i
B mom
. . .

12



Def Deformation Retract
( see also Munkres §52 Exercise 4)

A subspace Y of X is called

a deformation retract of X

if I a homotopy F:XXI →X

sit.
HXEX and try c-Y

l. Fo Cx) -- X c-XX

2. F, LX)EY

3, TT (Y) = y EY
11

FCI, y)

X-D2
e.g.
' F
I →

•

'F- {y}
O

×

13



Motivation

want to find a way to group
them (paths) together.

Def. The equivalence classes of

paths containing x is denoted

by [a] .

[d) = {ai : Lilo) = do), Lill) - all),
and di - L J , where ie I.

14



(The operation of the group , TilXD

Def Let L
,B be paths with all) --Aco)

Then their product is denoted as

a B , meaning that the path
first moves along X , followed

by moving along B, and it is

defined explicitly by

x.PIX) = {
N2X) , XE Lo,Ya]

Box-D, XE [I , I]
T

⇒ normalized
by convention product.

Ecg , I choose all)=pco)

µ,#gas
themidpointof 2.BCI)

÷÷÷:D
•

⇒
d-Pll)

15



'
Extend this def. of a product of paths
to the clef. of a product of path
classes by defining

equivalence class [
normalized

→ product
(a] . [B ] = (d.p ]
"
r

"

is not always well- defined for all

homotopy classes unless LCI)=pco)

To form a group,
all homotopy classes

must be referred to a same point Xo

in X called based point.

e.g. x . B . z

⇒ 2103=24) = Pco)=p(11--80)=811) -Xo

16



Once ' '

.

"
is well- defined, the

set of 1st- homotopy classes

form a group called

1st - homotopy group , or

Fundamental group, or

Poincare' Group

and denoted as

T4 (X, Xo) -- {Lai];⇒
: equivalence

classes of homotopic loops based

at Xo EX }

In general, instead of using loops 51,
we can use S

"

,
then *he

n- th homotopy group is denoted

as Tcn (X)

17



Tlnlx) consists of maps S
"

-7X

up to a generalization of
""

path homotopy

Example'T

For n 72
,
it might be more computable

by using homology group Hn .

18



Th (X, Xo) = {Ca;];⇒
: equivalence

classes of homotopic loops based

at Xo EX }
i.e

.
→ = { closed normalizedpaths in X

based at Xo}/fpinntoedmoeopy )
[quotient space

* Homo-copies are pointed or
endpoints are fixed

i.e. it : co;Dx co;D→X
sit. H(X, o ) =HCX, 1)= Xo , txt Co, I].

19



Lemma 81- I (llllunkres)

Path homotopy is an equivalence
relation.

Want to show !

Li, d =p &

Iii) Lepp ⇒ B=p a

Liii) D=pp , peps

⇒ x =p8

20



Pf
. as examples

→ what if acts -_ constant?
( il Take H×Ct) --LH) ⇒ id-- e-- do cidentiey)

↳ what if L goes
×

backward ? ⇒ inverse

x H.

d-I
'
→ .-

L(o) Nl)

o f
° L l

Cii) Given d=pB
⇒ IHCX, -17
Take

. # Ces - Hu-X, t)

p x

B
-

BE, .mg Is
x x

L B

liii) Given
r

GI
Ber,

→

is ②
P x

rt.
x=p⇒

×

> I



Take
- H (2x, t) , VXEco , Ys]

GH't) -↳
wants

,
HECK'D

TT
B G
H

or

So, we have id×= do and ay,
what if speeding up twice horizontally ?
I d' p

'

O

O
y B I

Answer : by using group multiplication we

can prove a theorem that

can lead to group associativity!

22



Thin x, I, B, p
' are paths in a

space X

sit. and
, B
-B
'

,
and

All) =p co), then d.B - d.B!

Pf
.

Given a- L
' and

B- B'

p
x
'
p
'

× H G

.

.

- i. it
Take

a
' TH s'T' Fix.tk/tYIIoYy,
L B Glx, -t- I)

+ELK , I]

23



Associativity of IT, (X)
7hm Given paths 2, B, andy where

the following products are well-defined

i.e. Lu>=pco), BCI) =80)

Then LL . B) - r - x. (B - r) and

( Eagles]) - 2=123 . ( CBS . so])

sketch of Pt.

\
A B y

x

°
a B 8

o
t

,

24



If a path that doesn't move then

it stays at the origin, and then

it has a special name.

Def. Let X be a topological spate
and let Xo be a point inX.

A map ex. :[0,13→X that

ends every point of Lo, 13 to

the single point Xo is called
a constant map or

a constant path .

It is also denoted as

id
×,
or do

.

(identity of

THX))

25



Thm 51.2 (simplified from Munkres)

⇐ IX. Xo) , *) is a group.
That is

"

*
"

has 3 properties as follow.

To simplify , lets apply it to loops.

⇒
.
I) a identity. e
[e)=@xd ×,]= Xo) constant loop.

Xo:X, = [I]
-I

s) I inverse. L

i.e. Given a loop x in X
,

.

let £
'
denote the path by

Ict) = all- t)

sit. (d)* [It] = (e) = [do ]

3) Associativity
If G) * ( EB ] * [ r ]) is defined,

so is Ka * [B ))* [81, and they are

equal.

Thin 51.3 (Munkres)

* it is generalized from associativity.

Let t be a path in X, and let

to
, K , . . . , tu E [o, I ] be a partition

of Eo, I] . OE to C K 2. - - L th El
.

Let Li : Ilo, I ]→X be a path, and

Li is a restricted map of L, ice.

Litt) = Attlee Erin , ri )
Then I] -- (a) * . .

- * Can]

Proof
.

By induction, based on the proof

of associativity .

26



Part Ill : Theory G)

Induced Homomorphism, Isomorphism,

and Functional Properties

27



Th (Xi) is a topological invariant.

That is if two spaces are homotopic

then they have equivalent fundamental

group up to isomorphism

corollary 52.2
I a path 8,
sit, 810)= Xo, 811) =X,

X is path connected. They are

Xo
,
x, ex

,
only algebraically
the same up to

⇒ Tl (X, Xo)⇒TL (X
,
Xi) isomorphism.

'

t
isomorphic

[L] 1-318 . 2. 8-
I]
Tj! =Hi?)

⇒ IT,(X) does not depend on base point
Xo
,
if X is path -connected.

The isomorphism is unique if

XCX) is abelian .

28



Let f : (X, Xo)→ (Y, Yo) be

a continuous map sit. f-(Xo) -
- Yo

Def
.
Define a corresponding
group homomorphism ( induced)

f* : = IT,Cf) : TL, IX. Xo)→ IT, CY,Yo)
[L] 1-3 Hoa]

If Xo , X, EX, Xo # X, then

( Hot
*
t (ha,)*

.

I so, although if X is path
connected

,
TL, (X) does

not

E
. dep. on Xo, (he)* is still
since

thx
.)* : Th IX. Xo) → Ti ( Y, Yo). depending on Xo

.

that* : I, IX. xD→ Th (Y, Y
,)

since two domains

Tl, IX. Xo) =/ IT (X, Xi ).
⇒ if Xo -- Xi , only one base point under

consideration, then

thx.)* -- thx, hit

29



There are numerous mathematical

notions (objects) and maps that

are structure preserved (morphisms).

Objects i
sets, groups, rings, modules, vector

spaces, topological spaces, smooth manifold,

partially ordered sets.

Morphisms :

functions
, group homomorphisms,

ring homomorphisms, module homomorphisms,
linear maps, continuous maps,

smooth maps, ordered- preserving

functions

30



The structure-preserving maps from

one category (object) to another are

called functors .

In algebraic topology, the map

(induced homomorphism) is

an example. The fundamental

group functors map from the

category of (pointed) topological

spaces to the category of

groups, i.e. IT,
: top→ Grp

where Top't denotes the category of

pointed topological spaces, and

Grp stands for the category of

group. IT, : top→ Grip consists of two
dat
, an objecto functor

Tl
,
: (X
,
X. ) # Th (X. Xo)

ciis a morphism functor
Tl
,
(f) =f* f- IT f* 31



i. e. Th also sends a continuous

map f Between topo. spaces
to a homomorphism. between

the corresponding fundamental

groups.

3L



Functor ,
'al properties

Tbm 12.24 in
Thm 52.4

corollary a.t ) in Munkres. only storyboardand}
is: Eine:: isomorphism .

a group homomorphism .

•
capitalized

IT, :c, → Cz where c
,
= Top

't
. a=i

: Th IX."5-It!
sik 60bcc, )t→ Obca)

.

= Hom ( Th
IX),Tik )){② Hom IX. 4) → Hom (THX ) , CY))

→
f* , G

Hom (Th Cx) ,
IT, ( idx) = idThx This))

Tl
, ( fog ) = IT, (f) o Tl, (8) I

,

f* 09¥is:÷÷¥¥
.
... " "

.

:*.#
t:i÷::

induced bmomph.im
-
To show IT, is actually a functor !

33



Thm 52.4 Group Homomorphism

If h : ( X, Xo) → (Y, yo) are
continuous

{k : (Y, Yo) → (Z, Zo)
then (Kohl* =k*oh*

Pf. By clef. of* (K]) -- [god]

dhs
.

- (Koht (CLI) = (Ck oh) ox ]

rhs -- (k*oh* ) (KI) -- k* ( h* KN))

=k* ( Iho a])
= ( ko ( hoa )]

= ( ( K o h) o d ] = lhs.

34



Corollary 52.5 Group Isomorphism

Let h : (X, Xo ) → ( Y, yo ) be a homeomorphism .

⇒ fix : TL
,
(X, Xo) → IT

,
IT, yo) is an isomorphism.

Pf : i.e
. THX) LY)

Let k : IT
,
yo)→ (X, Xo)

,
k -

- ti!

⇒f k* oh* = ( Kohl
*

= ( h
-to b)

*
= i'
*

th
*
ok
,

= l hole)* = ( h oh
"

)
*

-

- j*
.

El: :: ::
"

:c::÷: :c: :: ::: I
⇒ i* , I, are identity group isomorphisms

of TL, ( X, Xo) , TC, ( Y, Yo)

⇒ k* = h!
Recall : Tl

,
th ) =h* if X,

-s are PI.h-a.cat

THI : (X , Xo) H TL, IX. Xo) ITGLX)

Thi (Y, Lo)H Tc, LT. Lo) -- Ta H)

35



In general, suppose C, and Cz are

two categories. (e.g. group and

topological space)
Def. A functor F : C,→ Cz consists of

the following data :

10 an object functor
(a class- function)

F : obcq)→ obcca)
c 1-7 Fc

② a morphism functor
(a function on Hom- sets)

Ha, be Ci, I a function Fon

Hom Ca, b) such that

7: Hom(a.b)→Hom(Fa , Fb)

f EHom la,b)
Fa E Cz, Fb c-Cz

f-1-3 If

It f : a→ b, g :b-so then
we -require

FL got) = F(g) ofCf) ,
and tfeeG

36
Flick ) = idea .



(Cartesian Product)
Thm IT, (Xx Y, (Xo, Yo))

12.20 In

Starbird- su I Th (X, Xo) XTC, (Y, yo)

(a)→ ( Ep . a]
,
[g. a])

x x Y

Pdx ¥8
,

projections

exercise corollary !
12,21 in

Starbird IT, LTJETL, (51×51)
• su

= TL, (s ') X TL, LS
')

÷:: son.. .:*:
IT, (5×51×51)=2×2×2

37



Seifert - Van Kampen
Given : X = TUTT , T and I are

open , X is path- connected.

Know : Tle ( T)
,
Tc, (TT), and TL, I htt).

Find IT, ( T UTT)

a set ofgenerators

Push out diagram . I
of A,

G is a pushout . Let A , =L OI : R >' Ea set of

if IA
,
¥ G

"
A.=LTee : E> relations

7-Hats G'

¥isgeneratedbytwith f*B*=g¥*, then there is
a unique map G→ G

'
s.t.

the diagram commute p*'x*= x'*B*

Ho A
,

x

g
G=L It, UES :

"it
.

'¥:*;⇒r¥:

-
f-
*

38



7hm 12.53 (Starbird-Su)

Seifert- Van Kampen group presentation

version

Let X = UTT
,
Tt and TT are open

and path - connected and TAIT is

path - connected and XE U AV

Let i : ATT->V

j : on#→it
be the inclusion maps.

Let Tito,x)-- Lgu . . -sgnlr, . . . ..fm >
Ai
"

¥ FR
I, UT, x) - Chi . .. -, htt u>
AI TE ES

9¥!
-

Vnv, x) -- 2k$ . .. .. left,... ..tw>
Then

"
G

TqLX, X)=(g, . ..., gn , his .. .. ht Ikin, tin,
s
. .
.. .. Su , i* Ck,)j*CkiY, -. ., i*Ckv)j*lki'D

Fugate

RUSUxczptczs.ee#iTndaoedhomomorphismI
39



Part i: Examples of

Computations
of Fundamental

Group

40



Techniques to compute TL, CX) :

l. based on specific geometry of the

space, e.g. Sl, D-, and many simply
connected spaces.

2
. writing the space into a Cartesian product
of spaces whose fundamental group
we already know.

3
. showing the space

is homotopy

equivalent to a space whose

fundamental group we
know

4
.

find a deformation retraction-
To a space , e.g. D

'

= go}, whose

fundamental group we know.

5
. Using Steifert - Van Kampen 7hm .

6 . Using Covering spaces and homotopy
lifting theorems in (Nlunkres, Starbird

-Su
,

and Hatcher).

41



Example ).

GivenX as a polygon, ie. a disk D?

All loops at Xo areX L
nal- homo topic, i. e,

!
homotopic to the

constant loop at Xo
(i.e

.
a constant loop

at Xo means it just sits there

and do nothing in the movie .)

This retraction deformation of the

entire space to an one
-point space,

hence every point in this space

is identical to Xo
.

Also
,
for the one -point space ,

I! element

in the fundamental group
ffr simplicity

TL
, IX. Xo)

-
-XIX) Tlldisk) -- TLCpolygon)

⇒ LD't -4434493¥
.
?÷m?

.es
)

H UETL, (X, Xo) , U - exo
Def. U is called nulhomotopic.

42



Note that however
,
if two space

are associated to the same
fundamental group , they can be

non- homeomorphic .

Exercise
\

12 . B
e.g .

I. LK

iensseaurbird a. "e , man )%÷÷÷!m.3
, { o ) one point space

Thon →4. S
'

g. Eo , I ] CIR
(2.15#

they are all IT, (Xi ) -

- e = I
.

homo topic up to Tno .cat. 'on in Starbird- Su
isomorphism

-

They are all similar examples of

Example I.

More examples : Thx)
- I

X= a cone
,
X= a convex set in IR

"

X. = a star - like space in pi

N
>

↳
43



One more similar example of
example I .

7
ki⑦ and⑦ Kz

associate to the same
fundamental

group I, Lik- K , ) = I,
LIK- Ks )

but K, and K2 are not isotopic .

TL, ( 1123
- ki ) = IT, ( IR- ka)

=Lx.yl y! x's

* Observation :

knot Group G
(K)

is IT, (Bilk)

elements in Tuck
'
LK) are equivalence

classes of loops based on ambient

space lkslk

⇒ since the space is the complement
of the knot, the elements of THINK)

are homotopic classes
of loops

which do not intersect the knot.

⇒ If a loop × does . not intersect K,

then a ciklk ( by right - handrule)

44



Def A knot is an embeating L1 to 1)

from s' to 1123
.

f- i s'>→ 1123

Def Two knots are isotopic if Ian isotopy

felix)
,
TECO, I] Sit.

f-= fo and g -- f, .

Def knot diagrams, e.g .

it's ←

..a path in trefoil knots
i:*:c::

figure - eight knots

* Any diagram becomes an unknot if

we change some crossing from

Y, to X
45



Def Reidmeister Atones

"

¥:p.!Y or Ip
" 1k¥... or

N

isotopic
only move the
blue strand

46



The group of trefoil
knot Tc, (R' IK) is the

Xo
c fundamental group
- -
- . .

of the knot's

a
- -
- -J- I n .

.
.

.
.
-r
--

" "

L
.

i .
I

i, complement
in

.

.

-
, f space.

-

-

. .

.

'

:
.

F F

②

i r
" c

'

'

.

.

F

i
. ..

. -I;±
\

Fundamental Quandle knot Group

Arcs Loops
i. :

x y z a
,

b
,
c

'

is
,

crossing relation conjugation relations
ac = b a ⇒ c. a-

'ba
① 2€ Y K X ,

b= E'a C
,

⑥ y = X
t 2

.

.

a-- btcb
"

.

③ × = Z
TY e

-

Wir -linger presentation
derived by using Reidmeister

moves.

Left and right handed
trefoil knots have the

same presentation !

47



Simplifying the previous result :

Tc
, ( LRT K ) = La , b, c Ice a-Iba, b -- c-

'
as a

-
- b
-Kb?

⇒ a -- b
"

( a-
'ba ) b - 6

b = ( a-'bat a ( a-' ba) -②

= a-
'b-
'aaatba

= at b-
'
ab a

⇒ ab -- b-'aba

⇒ bab --aba

Or,
if start with ② :

aba -- bab

⇒ Th LIK't k) = La, b I
aba -- bab >

aba aba = aba bab

⇒ bab aba = aba bab
-

aba

⇒ taabaa = adatsab Let X -- ab , y -- base

⇒ y
"
= x3⇐, ex, y l y2=X3 > ,

a-- X
-'

y
b --y

-'
x
'
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Some more details :

a-- X b-
I Dihedral group Do

.

-

I

b= yat T

-a # r .
the simplifiedpresentation

=y b
'
X f

of a trefoil is similar

Dg = LR ,
TI R'= T

-

ee

(largeactually
since it's infinite)

= RTRT> to Dblfinite)
ytb -- BIZ group.

lo: GCK)-⇒ Dg
⇒ by

- l
-
- b'x
"

-

surjective

y
't
= b x
"

homomorphism

n

b -- ytx larger than Df

a-- X x'y = x'
'
y

since all knots are homeomorphic to s! so don't be

confused with IT, IS
'
) = I

,
and an unknot has a shape

like S
' and say Th (unknot) =2. The way to use fundamental

group in distinguish knots is by considering
the

topological structure of the complement of a
knot and by taking a based point in

11231K
,
and

use loops based at that point to investigate
the

space 41231K . A more systematic way
is using braid and

solid torus (in the appendix).
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Ambient space X = IR
'

c- Y

•
Xo

Bet,

>x

Act,

2 : I → X

B : I→ X

1-Hx : Eo
, I]→X

Hx Lt) = (I - X) act) t Xp Ct) ,

XEG .
I ]

Tc, CX) = It. } = I

to



Ambient space X = IR
'

l Eo, o}
I- y

•
Xo

Pets

nature 7

Act,

2 : I → X

B : I→ X

HHx : Ilo, I]→X

Tc
,
CX) = {do , 2,} = L2, > = I

5-I



X - 1122110,03 insider a subspace topology
YEX

Y Idetoeitaio:c
✓

> c-

^

(puncture

I
✓

:



Example 2.
×

Y :-. s
' I

1--44

do = constant loop
= Xo ,

x. (e)= t (mod l)
- trod

Ln Lt) = Cnt 1st lmodl) ¥!
- e- I

N E Z, te IR .

I

d., te) =
- t (mo d l) e- 34

HI* La , ]⇐ It ,]

@ Q O
2
-I di d,

<
( C

* =p v i- I
p
V n

v a

>
7 g

TL
,
( s ' ) I2

Cat
.

Ti (S2) I e = Th ( IR
'
II kick

'

)

f-
a" closed loops, s! based

I - ' ' I 74 Clk
"

)

at Xo on 5 can shrink by using
a homotopy to their based point X. 53



Example 3. (Stx s')
Given 'X = T

'

, a torus
ad surface

X is a topological space.

Claim : L
, B are

? >
B

two only generator×

of TL ( T
'

)
.

Sl
b
→ read G : abatb

"

+a
notice the Loops 2, B

^^

are on the edges a, b
s>

Xo ⇒ 63*63*127*15']b

=[e]

⇒ La]* Ep] -- [B) * (a]

⇒ TILT
'

) is commute.

e. g.651*183*[233*157]=[253*123]*[03*157]
T

-salty
is commutative

=KT*Lf
'

]

⇒ in general, if YE TILT)
then y has the form (am]*fpn)

m, n E Z
.

⇒ Titty -- 2x I

+4



Example4mg a g - genus torus, g >
a
.

"

can:3:&. is:
surface formed by

claim : TL (Nlg) is non- abelian . connected sum of

g- many tori.

E.g.
-

g-- I

8=2 .

ai qq.B.aieiaap.a-iei.eebig > Fbi i.Bihar ,Bike
IF

azv
"
A,

Gi, Pi] :
-
- diPiti! B?

•-Xo which cannot
I 22 - I

b L b
,

be simplified
2

AI
'

to dip, -_ Bidi

Additionally,
Thelma)=L4 , B, , as, Balki,Bi3GuBI=e7

Example 5

y
identifying antipodal xe2D2

Xr -X

Realprojective plane.
a

§ Xo

x

# Xo
Ot
n r

Xo# k a
Xo

@it. " atdolifio)& groupTLLRP. ) - Kel, Eth,-4-10,13.
→ or = (z , .) =L- t.tl } Wrt " . "

* TLLRP
,
) is a torsion group multiplication

since [am]= group.
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Example 6.

TLLani bias band) = ?

By deformation retraction on to its

core circle ⇒ Techno
"bias band)
-

{0,17×11}
.

= TL(s
'

) =L I > = 2

Example 7
.

Til Klein bottle) = ?

Fine× %
. ) . i. bands

→ %
%

Thine-4'
"
⇐ t.ms..} sFK

v k
,<LU
,

U
, AVE V , IV is homeomorphicdeformation retract
to a cylinder, Tc ( cylinder ) ETCS')

=D
.

La>TIL U, ) I 47=2, Tl(Va)Ecg>
=z

By Seifert- Van Kampen

TI IX) = * 2)IN

N is normal subgroup generated by
the element

* (a) Liu
.
)* Cat)

⇒ a IX)-- Lx, y l x'= y
'
>
.
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Conclusion :

By using Cor 52.5 Functor
ial Property

(its counterapositive) , we can

classify the 47 calculating examples

into the following to fundamental

groups and
use corollary 52.5

to show

that if two spaces
are associating

to different groups
then they are

not homeomorphic.

U) Tl
,
LX) = I 2

X can
be : Lo , I] , IR? 5, Eo },

D
,

a cone, a
convex set in IK

"

,

a star- like space in IR
"

,
spaces

in a shape

such as : X, Y, 2. T, S, C, E. F,
Go
,
H, I, T.K.L.NL,

57 N, V.V, W.



G) IT, CX) = I .

X can be : s !
INI K where k is

an unknot , 1122110,03, a
Mobius band,

a cylinder, A , D, O, P, Q, R
- shape spaces.

(3) IT, (X) =
I

n-many

X can be
'

n - many

If n =L
,
s
'

X Sl
.

Or
,
X can be n- leafedrose

⇒ figure - eight or a torus f) 2x.MG

141 IT, (X) = (Zz , t) &%§ n-many

n-many
if X = 12Pa

15) TL, CX) = ( Ia , so )

if X = RP,

(6) IT, IX) = Lx, y Ix
-
= y
'

>

if X = a Klein bottle

(7) IT, (X) = LX, yl
x3= y

'

>

if X = a trefoil knot
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(8) TL, (X)= LL,.dz/Lidz2i=Lz4dz7

if X = a trefoil knot

(9) IT
,
(X) = Hi ,22,23/4=2322251,

22=2,232,4
,

↳ = Lsd, Li
'>

if X = a trefoil knot

(Io) Tl, ( X) = Hi ,p, ,
da
,Bal

[Li ,s ,] . [a.Pa]
-
- e
.
>

id

where Gi
, pi] : -- Li Bidi

'
Bi
'

if X = Nla
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Appendix : A systematic way

to compute knot group

by using braid group
and

Seifert - Van Kempan
Thin.

Go



Q : How to write down a fundamental

group of a complement
of a knot,

ice
. a group of a

knot ?
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Consider three paths 21,22 , 2, in

1123 as follows :

ft
Braid

IE fo. I]
→y
l $21 ?' je dit) = ( F. Ct) , t)
x

2¥ Filth F- it) , i-tj.tt.

i.e. not allow X
and each t

,
-7! I crossing.

a."

"" Fil"
scih-permnea.io

.

E
, Fea •z , Filo) -- Zi
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ft
d→

't
$21 ?' £3

×

a.

a

""

brails
Fd
' Fra 023

( Fi tht)
y they are equivalent it

.

(Gitlht) 1-Hits, t)
,
Hi is a homotopy.

5. to Hilo , t) -- Fi Lt)

Hill, t) = Gilt)

i. e. for each s
, He defines a braid.
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Then we can derive a new group

( braid group) law.

e. g. die

Cii) inverse

a 111 " µ
"" """"""

l

,

I µ Got

" H Xi

→ configuration space

_#
pits are moving

around.

7K¥02, for each cross - section

OC,e= { (z, . . . . , 2K ) : Zi -42;
if itj}

U Ck -- Ock IS
..

Termination

⇒ Braid group = TL, LUCK
(Zi , " -

s Zk))
.
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Generators of Braid group.

XIII . . - I o,

I Ill . . . - lo.
: ; i

.
"

some properties for computations
:

F
- - if I - - - fi. . . . .

(commutativity)

ri
- -X -

- -
-

ri. . - l l . - -

Fi 5; 9- Q'

ri 9- -
- off. , if I

i - j 132 .

'

Il r.

I X' Fitt

Q - Qi , Si = 541 Oi f't I
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Artin Action

An Artin Action is an
action of the

n- strand braid group Bn by automorphisms

on the free group Fn .

Bn -- Th ( UgCk , z is a collection of points
unordered Zi , Zz . . - - s Zn

configuration space, on n points

Fn -- Th ( 41242
)
-

(
e.g . puncher

ed 3 pts on IR
"

÷ss
Fs -

- x2x from 3 free groups,

3 generators,

""

c

:
asa.

I
.

÷÷÷ a. A.
a

⇒ o
.
: * asai Hansi

'

Fa -

- La, b 7=2×74
by, a

⇒
"

if (b) = a
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Def suppose B is an n - strand braid

inside D
'

X Eo, I] .

Consider the quotient space

15×51=(15×20,1)/4 , ex, o)- IX, l)

⇒ B closes up to become a

collection of embeded circles CB
T

in DIS ' a'knot

⇒ It is called the braid closure CB of B.

e.g . 2 - strand B 5
,

'
is an unknot

B :

I
→ CB - an unknot

is abraid

e.g. 2 - strand B 0,3 is a trefoil

is : f)XXX →↳ = a trefoil
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ya
knot

Lemma suppose XB -- (D
'

x s
') LC

, is the

complement of CB C 15×51

Let 4--413×903]E (15×10,1314 .

↳ 2h03 pace ⇒ IED
'

T4lXB , X ) -- Hi , . . . , Ln , at gqgt-f.la/kD,
K- I, . . - , n>

dis the loop xxs
'

For KEEL, . . -in} , Xk is the element

of 74 ( D
-

I {Zi , . . ., Zn } given by
the loop in the below figure and

E!
. .

.tn
dkk) denotes

• .
the Artin action

⇒n of B on dice
• I
×

IT
,LD't Eze , . . .,Zn3 )

68



Thm Let Dhs
' be embededas the

standard solid torus in 423
.

⇒ 11231 Cps has the fundamental group :

TL, (Hel CB) =L 4 . . . ., 2K ( 2K = 01(did,
K -

- I, . . ., n >.

where flak) is the Artin action
of B on the free group Ldl , .. ., 2K).

Idea
. Take a - I in the lemma .

( Attaching 2 - CW- cells along
the circle xx s

' such that the

relation d =/ in the presentation
from the lemma)
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Q : How to write down a fundamental
By adding one more relating to cancel

group of a complement of a knot
,

the bundang of the disk. W
.

µ
(Trefoil

ice
. a group of a

knot ?
AS H--3)Tl

, ( Kkk ) = Hi. . . . , an I 21--0/141,
A : ideal

. any knot can be put into a braid T 22=4 (as,
e.g.

take a -
- l

;
'

"

iii.Iii::: s a- owns
.

- *

in × example, a.Like ki) (Unknot)
"5,3 ( 3 crossings) ¥7 K'

= 22 , , Az / 22--211It's a trefoil knot.
2
, a 2,4g

idea 2 : put it into a solid torus
.

= 221 , Az I 22=21
,
2
,
-
- Li >o±⇒÷::÷÷÷÷÷÷÷÷÷÷: ÷

.

g-
KT i.e. 2

- strand braids,

(whose CB = an unknot)
idea 3. find the fundamental gloat "' (Tl" J

,
(L) = LBL

-I

o
.

= .
If:S'd

÷:÷÷÷i÷÷÷÷÷÷÷÷÷÷÷:÷÷÷÷." :÷÷÷÷:
Of (A) =L ,

⇒
. 44,22, al da ,Mega. ai

'

nai
'
-

- a. (Take a-21)
it's an unknot

= Ld,B I 2=2BI! a-B>
idea 4. Th ( TIK ) vs IT, 111231K )

= 227
T = a

Tl
. ( 11231 K) IT

. ( ( TV Whk)

Homotopy equivalent to 1124K FD
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