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/] betract
7‘3 &aal DF fln‘s rrojcc{ s fWO‘fdc[ H

Firstly, to intraluce the basics of
Fundamental group /‘nc[uc/'ng the
definiton and the mot 'vation
befind -the fundemental group,
te culeulute some examples , anel
to define an inclaced /wnwmorfﬁ"m

67 using o cont/nuO«s WP
Selon 44// aPP/y p‘/\? t}ne -Fw\(-{an'a/

property [Corol/ar/ $a.¢ /in Mcmb—es/
and wve are us/ng Z2ts coun(ra[)dv'(:k
statement) +o c/assf-ff the -ﬁléw"a
4% -fvpa/aga'm/ Spcec€s inte
)0 fimdesnental groups :

() R?, ne z*

() s'




()~ ADOP,Q,R

@) s* We Shopes
we) s'x ¢

() 1o, 11 € R (a cloed interwd)

u.x) s’x---xs’} or V)-./ea{ca/ rose space
n-many <

(2) ~u/)/x, Y, ZTS GCE,F

/

E,
G,H LT K LM,
NoU VW
(32) {o] (ene- poirt <pace)
(39 D° Ce odsk in R")
(?ﬂ & cone spact
(3D a convex spe C 12"
(36) a stw-lke space ¢ K"
(?39 R’ \ (en wunknet)
(39 R \ (& ALeft handed trefs'l)
(21) B>\ (& tight handed trefol)

< ’ aree {1«;
“o-’e €:




(#d) oo M5bius bond
@) o cylinder
() RP
w3) a Klein bottle
(44) M, - space, Tt' s'xs’
@) My space, g=b2.-1
(Co n—Figurﬁ{ on s Pa ces, »- 'for/')

) A figure el spoce 8

or letter B

(@7) R\ o0}

Although § Aws <spological cpoces have
the same fundewental group Shen

we ccnnot say) de/ are ﬁ-mcomarfﬂ'( ’
f two spaces Have i ferent groups,
then we can sey they are not

évmca mvr/,/n‘c.




4o

‘7

bo

?l

[ ontents

Paré 1 Motivations

Put I Theory (1) bosic definitions
and Lheorems of Hurclwemal
gro«p

Part A Theory () induced

/wm-’M/""m‘, (som>phims,

ond funciovial properties

Purt T Exam/es and compututions

of fundoumented group

Pat X Conclusion

/)chntﬁx ¢ A systewmctic way to
compute knot group by using brud
Group eanc Seifert - \fon Kempan

TAhAevrer

Refetences




Fur{ 1 Ma—t:'\/a-f;‘ons



Gocl: Peterm-ne w‘e-f‘er ‘two topa/aj} ca/
S‘Daces Qqré /)onveomal;o/n'(,

s* D
R 7?

R

51
R!

I¢

slin R ve S in R\fod?

By Funtorial
PrO cr-é)(
""’ 1‘"% X=Y = X570
( Munlcrer) home wmaplic lfv"wfém
Or, Thm 12. 2§

( Stabird- Su)
M) #9=> X #T

But, )=l X =Y

Ars: T(S)=Z # fej=T(s) 2s'#s*
7, (R = T () == TG (R") = fe] = ve cannet w5

T(x) 4o distigseich
-~ IR end IX



WA}/ ‘f“‘l}/""j —fun/amenfa/jraa/: 77//)().7

/. I+% an eucn{aa/ “pp leation
¥ in vesfz:yet/'nj spaces like
wmp/emenﬁ of knots

2 Te cun g an spebmic wpo ]

way (as an a/{.arnﬂ'/r'vq ‘> p€ 5
\ $¢4 in

Fundavn 74

" ""‘“I‘ heorem VF Ageba Munkres
w¢. owt us/rg anué/fls torls
(in complec analys/c), i-e
Ly 29 -'runl/amwfa/ ] )
w/'n/;»y rumber ¥ *

3. Henr/ Paz'n care’ /efme‘[ e
J‘m‘é'men{a,[ ?raur n 1898 cm[
/’at[ //_'5 wﬁjet-{u}—e fve yearg

leter (1900):
7ie an// sofution e ‘ﬂ,(M?)—‘/ (‘s

M- s?



4 The 1256 ( Starkvel-Su)
Each 1- man fold in the -L/éw/n#
indin'te /}s-é is o) o/aj/m/// drfterent
from all —he others -on the list !

s> j/RP‘, %Tf

=) By f/aw/ﬁé -JI assocrafe aroufi
of above are all different, W
cun /ow/ o « Praa'F of-f/e
classification of 2 mandolds
+‘a4 qloes nol favolve Euler

ch ar/{c{eh‘s-/:'(/ ow‘eh—(al,'/,'fé(,
4} avigordortions S n 7’.{/‘.:7
(Starbird=Su l).1-1S, Masseys W.S
chl 8- 57)

(onway’s ZIP f"""‘F (/Varm//e/

Fov ezmnple,



L One more ap/J/:‘cw//ﬂr\ ‘s
to prove Brouwer Foxed
posnt theorem.

(4) Let D- oo pre R 7% {fzé/]

£ 4 01’7 Dz s condinud4s,
-l’l\cn ‘f hes a -f'r'aretl Pb-’n{.



Non - ex of ”é” of Zvro//ar)/ 5—.1.5—'/ 1
7 (RVK ) 2= 7 (RN Ka)
* Ki > Ka. (<=.=> RP\K) = IK'\K)

Vheyw/)

€4 K - r:y/o{ —hornded trefoil ket
ko= lefe—banded tredol kaot

Non-ex of “&'of “for.ca5” 2.

IR, IRE K", £°5 tone-p7 spece)
S are rot Josmmes mmonphic
bu+ ﬁe)/ ave all powvzopic
(7 (X J)=¢c=])




Part .7Z T‘ear)/ U)

Boc/c c[efim‘-/cbns aml -tAearems

of -Fumlam en'fd[ arour



Def

A homotopy of two Janctions
Leé -f,gfx >Y be cort nuous.
Then T>g (£ is homstopic 7 g)
iF AH: XxI2Y such +at

H(x.2) = H, = &) , yxe X
Hixi1)= H = §X)

T[en H s Ca”e‘/ a ‘omafpry Le-ta/cen
£ am[ g

Think §H(X, ), Xelo)Tfes o sed
of Confrnuoyusd Fune 7i'omys 60"*"'7“’“5[/

6/!'fokms'C/ % y A=) g




DeSf.

}/amofopy efu/'m/eﬂce a'r spacs
7wa ‘t'OPO/OJI‘Cd/ sfaces X qm/ 7

are ﬁom o -tof/ efl{r'va/eﬂ{

.F
Ff: X=Y
Jf: r_»)(

such that
30; Iz t‘&[x
and S o J= IC/T'




Dedf

e.;.

et X be a tafa/aj/ta/ space.

oL IS a contnyous Function {/m'

mops a closed inferval I ¢ a olt)
topologi'cal spece X, then

& is called cu patﬁ

oti[o.rJ=2X, r2>o, reRR

®x(a)
Let x:1I>M

¥ oL Cun cro$s or repea{ (tself

If oL is not nokmaIfZetl)
W (4) 5= ol(Ft) s normalizec/

o W) =& (2) e A(2):[t]2)X
wi() = ot(F) ’ wit) 1 051]» X

ln’



o) infdlal 3/0{
el) t final F"' ;em/pomls

X is a /bof 4

H aifo, n12X and oilf)=L)
B: To, L= X

Zhen [3% o TR prac/uté defined cs follos

L), o<t¢ek
(Bra)(2):= {

3({—"0), h etehin

RBxa is a peih 2hert map s
[2, hin]—=> X.

/1



Ded.

Path homotop/c

Two paths o, f are path hemorspi,
16 =B ok ol fR,

if and onf)y i oL(R)=fE(w), «U)I=LCY

& da homoropy H, H:AXI = T, ACX
.y Linuctly tube #0137

Het) = H, = ot)
HLt) =H =B | Vieloi]
H (% °) = &(2) = ar)
H{%1) = otlt) = Bc), Wxelo, 17
Eg. (Eceveice 2.4 Ctovbivel- Su)

4 24
— ')
] H S
& ( 4

/>



Def

Deformadt.on Re'fra ct
(<ee olso Munkres $$2 Txercise 2)

,4 f“Affﬁce Y °‘F X s (a//c/
a defor mation retract of X

l:F 3 el Aomof‘W FXI(I-QX

S #
VxeX and Yye¥
I eX
2L FReY
&Ft#) Y

f(l,g)
A

n

13
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Def.

Mo+tivation
Weant +o ‘F:'/u{ a way o gro«p
Hem [Paf/n:) -toﬁez‘len

The equivalence classes of
pauMs contanin 19 o ‘s denoted
by [l

[£]=fo b o200) = X(0), QLi(1)= i)
am:l X ~ oL j, wheve (€ I

)¢



bef

(T/u operation o the A 77'()(”

Let o, 2 be paths with u)=pco)
Thon thelr product s denoted as
- B, meanjng that the fa-f'{
firct moves elon 7 oL, Jollowed
by mowing a/onj A, and 11 (s

defined espleitly by
o, Y
o2 (30 - f Aox), xele,X]

3[”‘"); Xe [_;L) ’]
r

=) No¥ma /;Zﬁ/
L)’ eorveny on f'«k/w{
e. 3 . J Fevse atl)= 00

wpth) b )

L0
X(») ,'(" )
Bct)

)"
<gl1)

(s



Extenc{ -[7‘,'5 def. D‘F a fraz/uc{ of fa{/s

4o the c/e-,(, sf a Proc/ac{ o Pa%

c/as;es L/ a/eft'n/'nj

cpelelone el T e
[ o] [ A J:=

Mo'ls mot ,,/..,a/s well- clefired Hor all

homotopy classes unless ol(1)=Lcs)

o o grup, all l\omo‘fo’?y closser

must be referrecd] > a <ame /:o;}rt‘ 6

m X £allet/ La((d Pol})f

fcé. “’ﬁ' . 3
2> o(d) = all) = {s’(b):ﬁ[l) =y(2)= ¥y = X,

/4



Once “'.”7 s we//—a/e‘f,‘nec/, e
sed of o Am--fa/ay elasses
form a 74P callec/

If{- /amaia/ay grovp. or
F;m&/amen'fa/ Group, oF
Poincare Geroup
mw/ a/eﬂa-eeﬁ/ ous
74X, %) = $lc] e7‘""""/""”
classes of Ao»w'tv/’/'f /oo,vs basecl

at 7(,;6)({

In 7eneya-/, /nf-{eac/a-( d“l\ﬂj /m[.ss S)/
we can use S”, fhen e

77-1" AomafoPy efou/) (S cénbiec/
ous %‘4 [X)

17



Em,lcq

up o 4 7enera/f'za~/r'oﬂ a:F

‘Pa{‘ Aomo ropy /

Ty (x) consists of mmeaps Sn—-))(

For

e m | T3 s e 7 g Ty T10 Ty | T2 T3 LLLT 15
s o 0 0 0 0 0 0 0 0 0 0 0 0 0 0
st z 0 0 0 0 0 0 0 0 0 0 0 0 0 0
! = -
s? 1: # 2 z | Zo | Zp | Zia | Zn | Zn | Zs | Zis | Zo | Iy |Z12%Za| Zg4*Z, a2
2
L
3 = - - 2 = o e ) =9
s3 o 0 Z ‘ 7, | zp 7y ZixZz | ZgaxZ, z,
\ - . e T pu—
st o 0 0 zZ | 7, Zy Ly Z120%Z12%Z2 Lga*ly
=3
sS| o0 0 0 0 Z Z30 7y z, Z79%Zp
SEIO 0 0 0 0 z v/ ZogXZ z
| Z2 260 Z24%Z3 2Ly
s’ o0 0 0 0 0 0 Z z z
2120 2Ly
s8 0 0 0 0 0 0 ZxZ420

be more Compu toble

L), using homology group H.

k1



74 (X, %) = §lc], . e7w'vo/emf
c/asfes D‘F ‘om"fol?l'(‘ /ao," Aa‘ecl

5> = fclggeJ nvkma/ 2ed pa{‘s n X

beaced at X / {P 'ﬁfﬁf’ry}

L,u I-e»lspace
¥ /‘{omv ”é/es areé Pomfe{ o/

end, pov are fixed
(€ /{ [o,/]x[a,lj-a)(
x <
st H(%°)=H(x.()= X% , Yxelo,l]

17



Lemoma &1/ [/‘/funb—ec)
Path homotopy i's an eyw'va/ellce

re [a-fz’oﬂ.

Won# 7o show '
(/) o >, oL

(i) o(.apﬁ = ,@::Px

Uu) dzrﬁ) pﬁr)’
=D o(::‘,/

20



P"( “r examf/ef P lﬂ‘ﬁ/ A ol ld) = (onstan()
()| Toke Ho(E)=xlf) = Hd-ecds el
N> what # ol goes
x bockwarvel ? > inerse
= H %
o (s) &)
£} . ” , —t
Gi) Given o(_":'(, 2
Toke. e (0) = H(i-x, ¢)
e - S
e
L <3 LS S
o L
i B
[/'c'f') Given r _
H
PrEY - r
¢ S
(4 o
.,
ol ':-—'IZ )
i
>




Trke
Hex,t), Vxelo, Xf

6 (x, 'f) =
HOx-44), Uxelk. 1]

H
H

o

50) we lawe l'64 = 0o ""‘/ ol s
whet I:F ff:ecf'nj up +twice ‘00'1‘20"/#,/.7
[ —oe? J

Ah(wey: A/ ue/'nj grep ’*“/(;l’/c’ca'/"m? wé
Cenr prove e Lheore {/u{

can /eac{ to i/au/) a;so;/prf/w'f/ /

>3-



Thm o, &, @, R are fafAs m a

sche
sz 0(’\'0(// ﬂf‘\ﬁ; anJ
K1)=LfRld), thon ol ~ &/-p!

P

Given &~o ancl
B~ g’

23



Assoc/ativiey of 7, (X)

Thwy  Gluen paths 2, 3, end y wlere
the Lolfow ing P;aa/w{; ore we//-/a-ﬂ'na/

Then Lot-B)- >~ - (B-¥) and
[ 21-081) ¥ = [2] - (181 [¥])

gélfﬁx .J PJ

X




Def.

f a ,».{A Lt doesn pove Hhen
it stays et e or/j/'n) and then

it has a s'fea'a/ name.

Let X Ae & topd /cj/M/ s'Pa-(?
and let Xo be « pont in X

A map €, [o.1]— X ot
ends every pO/'n/ of [o.1] o
the ;;'nj/e Pw‘n{ % is called
a constant wap or

a constfan{ va(/\.

T¢ i3 also c/eno{pe/ os

id, o o (identity of
) | (X))




Thm $7.2 (L‘w,/.'{feJ Lrom Munkrec)
(T((X, xﬂ) ) -)(—) s a ,roaf_ That s

\“L‘U hos 3 fnfo'ﬁes P -&:llo w.
T (,’»—r//@, ,é/_’{ aff// € o jﬁﬂff.
21) 3 ;"én{,’{y, e
r €]= [ex,] ;[exl]'= [O(,J e constant /’of,
o X, o
"t <[]
3) d/nverse. o[’
(.e. G'ven ~ /‘»'o o in X,
/f{ DZ' aleno‘{¢ Je PA{‘ ‘7
oL'(2)= 0l/-2)
of. [1¥[]=[e] =[]
3) ﬂfsot/'a-/,'v,‘-{4
I* f*]*( TAT * fd’]) is c/e—rr'het{

so (s [[a(]"‘[lg‘])’kfa’l, and —lxe)f e
equal.

Thm 51.3 (Munkrec)

* [t is ?mem/fz«/ fow associot/vidy
let o« be a paf‘ m X and Lot

fo, ks €lo,1] be a portison
of £0.11. o<k che <kl

Let oLy o] —2)X be & Fa.z") wd

o S a kefln'c*‘“[ rap of 0(1 oe

&L, ) = dét)).t

e[",;,,, ':7

Then fd,]=£¢' Jx.o % [ol,,]

Pfoa-f_
B, ineluction, bosed on Ae /nrwf

of acsoc At v Y.



Paﬂ Il : T:‘eory (>)

hism
Dmﬁ'r 9
v A,'Sm) Is
Induced /'b”"mof , 4i€5
d F ncforo'al Frope
u
an

>



\lla

7,(X;) ie a topologizal invariant

That is if two spaces are howmotepic
then -dcy howe equc valent ‘fanc/om‘le’ﬂv’d/
gfoup up Zo iso *marplfrm

23 apath ¥,
/ ‘:‘t YtD): xo) YU)=XD

X is poth copnecte d. They *
7(9, r 4} GX 0',y Jj“m/[“¢/

-4/-; come Up 1
= ZT(X) .xlp _%le z') u‘em"ﬂ' 'S 7).
T

u’oﬁ’°l',?" «C -‘
[ot] ——2[>: a- ¥ ]
Ty Yll—f)

7(X) does not a/e end on  bese
KXo, F Xis ,>4t£ connecfef

Coro”ayy S—J‘ e

The lkOWOVPAI'Sm IS uvcque o+
(X)) s abelan.

>»8



lee F: (X, %) =2 (Y, 4.) be
o continuous wep Sz {(x)-4.

Pef | Define o carresfon%nd'
Jro«p hommarfﬁlsm ( induced)

=T ) T (X, %)= 7 (54
] = o]

K %o, %) eX) x"#zl Je” é //‘ A ’f X : /A
p = F&
he). # (Hn cor it
{,)* ( ,)& &py;ne({pé[/ 7 ()() dolﬂ =

ﬁ.smu JQ{" on As, Z/7/<,)4( s v{r//
(he), : 7 (K, %) =70 (T, %) deperdioy on %

(hn)y: 7, 1X, x)=> T (Y, 4,)
S Awo domeins

ﬂll)(r X-’) %ﬂ(X) 7’).
> XesXi, only ane boce P.;}vr( under
wn‘,‘deva‘“ oy "tlncvl

(hxu))‘_ = (}’x,lf h*

31



There are npnpumerous W{kma//ca/
notions Lokjects) ond meps  that

are struacture P* e:crucr( (morp‘:‘:ns).

Objects |
52@ e;oulps, r,‘,\jg’ —m,a/a/e{) ve clor

spaces -{aPa/«y:'Ca/ spaces, gm poth wentild,
pw'-f/‘a// am/erec/ se?S

Maqukms 2

-fancf/'ans, gyaup ltv mmorFAlsm;/

r)nj ﬁvmamarpﬁf‘sms, ma‘/“/e ﬁop-ww‘o va
/inecyr meops, contén dous maps,
smopih yeps, order eo- p’eé’er«v"‘(
‘ﬁmz'//'oﬂs

ry



T/e Sfra(‘tur(—prCRrw'ﬁg mrcps From

one cetegory [oéjed} <o uno-{/cr are

callecd Functors.

In A{je/m'c <topolagy, <he map
(induced f oo Drpﬁism) /s
an example. The fundametal
groevwp Sfuncfors 16 P Srom he
cuteqory of (porrtecl) -zafq@;a./
Spaces o He ca tesory of
groupsy ie. T+ Top"— Erp
where Tog derotes He category of
pointed topologieal cpaces, gyl
5*,» strcl for -she catfeyoty of
47 °<p. Tr ﬁp —> Grp Consists of two
ol tt) an aLJeda functor

T: (X, %) — 7 (X, &)

) a mrflr'fr -Func-{or

Tt f1r £




ie. T 4/50 Senc/s' Q. continuows
nn p f between Yopo. spaces
<to <t /omoworfﬁfm between

the wmqpone//ﬁg, -fun/amfd/

l Udes [



Functor: a / ,Draper-f res

Thm /% >¢ i
T 2.

}77’?’) ¢ J ' n MM" L’e‘. e {dr‘/rcl ﬂlll
/or-o//ary €2.%

5 ¥ X=X = 4 is & 6rauP iso'mov'o//rm.
Thm $2.¢ weans , is
a groap homormorphicm.

Cﬂtp/'-tp\[;bféz

4
-"-'. ¢ ) —2 CL where C/ = 79[9¥, &/PG*MW(XX’):Z]"Q():))
=7,
f./lfw Db(c,)i— ObCS) 3 k ///W/ﬂ,{x))m(“r))
O tom (X, )= Hom (T, T (7))
ﬂ' & )//.)M (TI] O(),
7{&’ ¥

T (i) = il 7 (7))
(f ¢)=T(4)=T (%) //— MEEA %mm
36%/ X \f) T (f) - 7(* T
//IG/MCFG/ A»umPéb»

— \r——————_—"”

To cho w n; S Adua”/ a functor !

33



Th $2.4 Grouwp ”m.r’:‘o'cm

I-f{j,:(x, x.)—= (Y, 1) *° continuous
k’(Y; %) — (Z, Z,)
't/le/l (kvﬂ),, =/<¥ °/’4e

Pf. By def. 8, (1)=[g§°2]
bhs: (Foh), (1x]) = [(koh)e ]
rhs= (ke <h,) (14) = &, (hu(121))

=/‘4e ([A”OCJ)
= ["o("a‘()]
=Tk oh)yo o [=h



Covellary $2.5 Group Icomorphic
et A (Xro) = (T 1) be o domeomerhim.
=>%*’ T (X, %)= T (1, 4) s an{/fw"“"?"'?m'
ie. T~ ()

Pf:
Let k(Y gy (57), k= &

Pred s by e (1A
he oky = Chek)y = (hod), - 7

vhee 70l o v'Jeﬁ{"f% wmap oF (X, 2
[{a. s an l(/eﬂ{"if /fvr vfF (\f, 7/

2ip, €, we dobiy grop T
of 7, (¥ #) , 7, (Y, %)
2 ky = A
Reanll: T (h) -4, # X, T e Ptk

T (X, %) b2 T X, %) = <)

T (Y, %)= 7, (Y, 42) == (Y)
3%



Ingenem/, cuppose C) ard €, ave
two categories. (e. g groer ond
-1'0,90/0‘71'4'4/ space)

A functor F: €, — C» conssts of
e -fo//awinj data ;

@ an ohject functsr
(e c/aé"‘-— Funct/on)

F: oblg) —» oblca)
c)l2? Fe

& e worpi-'s'm functor

(a function on Hom- sets)

Vabe Cr» 4 a function Fon
Hom (a,b) Such that
F: How(a:b) — Hon (Fu, F4)
5 € Hom(ash) Rel, Fhet,
fFI—— F £
If §: a—b, g:b—>c¢ then we requite

Fl 9°F) = o F ard Hece(,
Last) = FeO) 70, = St ot




)3. O /i
féml»';,l..

(Carfe{a‘an Prac/u t{)
Thn T AX*Y, (% 9:))

n

Kt SEZX)XD)XZ(\{)#J

(<]— (Ip-«], [#-«])

X xY o
P/ \# pryeclons
X Y
ecenrice "'
Pl;' 7'"
;far‘*'r;( 4‘
&<y

eg T (X), X i a soliftorws D XS’
| xZ

n(sxs'xsh=2ZrZrZ

37



Se/fert — Van Ka mpen
Given ! X‘-‘- UUV, U ond V are

DPe/\
Know ' 74 ( U), 7[( (V), and 7 (U nV)
Find 7(U UV)

a set of gererotors

Pushout d ) o A
ushod roagran.
G IS a Pu:ﬁto. Let A =< f, ‘R 2

Ta set

& .
f FA B G’ f,=<§&: Sit ;i_//m
als,enem/e by L.
FA, e G
with = g0, then there s
a' uny‘ﬁu/’;e iap G — 6" st
he iajmm commyte Aa&: “’:/@*

Ao_&_qA,

ST

, =G
A\ \G)/

{; —>

38



Thm (2.53 (Starbird-5u)

Setfert — fan Keumpen group presentition
version

Let X=U UV, Uand V cre open
and /a-fﬁ- eormected cnd UNY i
p—{/&—co'met‘fa{ amd xe UNV

Let ¢: UNV=>U Le . \
{h MC/“S"” "'7"
4:UNV->v
Let 7 (U, 9)=< g0~ s8n | Finibp?
A €2, €R
T (V, %) =<y byl S0 Su>
A c$ €S
g (UﬂV,x):(kh -y kvltp-'v tw>
77‘" "”4 i

TLK, %)= LGrer Brr Brr-s bt [ i,
v Suts by Cki DG (K, —y GLRIG, )
T . Agete

RUSU W’Wm[«:ﬂ homeporphtser ‘//
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IDa.ré o: Examp/es of

Com':u‘ta-[,'on.c oac Fdno/ume/)-{a/

éraur



T¢¢Am'{uef Zo com,)d{e 7, (x):

I lasoal on r,oa:rfc eeome-frr D‘F {‘0
space, e.g .S"/ D’; and ymansy simply

connected spaseq.

2. V""f""? d‘ SP“‘e wmie a Gtr'{ﬁ‘l‘ﬂ" 'fvéa-/
of spaces whose Sundamental &P

we ﬂ/"e“‘& krow.

3, Jowinr ~the spece /s }n»ra‘fapy
cfm'ya/u{ ‘o e Space U‘DSC
-ﬂlhdlkﬁtcﬂ‘fhl W“f we. A/IDW

L find a deformation retralt/on

T q space, €. D~ 703, whese
Aundlementa( grovp we Fkrow

Us’ng Stefert - Von Kam/xh Thm.

5

6. U"/'qa, Covew‘n# spaces anc/ /)omoz‘afy

[;.f{(‘,.e_ theorems m [Munbés Starbivd-Sa,
ancl l/a{clek),

41



DeS.

Given X as o P‘/}’a"’”i 8. et a/rl D.z

All /00/7.5 at X, are
ﬁa/rﬁf’mﬂfaf/'cl -
/iona'topl'c 1o he

Constant /aoP at %,
Ci-e. a constant /oof

ed Xo means 2t JuS{ s/ %8 #erf
and > 'npfl{/'l\a n the ’””V'.e')

TA[: retracd{con Jevgrma//'on o'f '1/‘6
ent're space to an ONe€- pont FPRE,

hence every p=in€ n {Af‘ space

is identical o Xo.

ﬂ/w/ for "je one ~pornt space, ) element

in the Junc/nmen-fa/ group

7,0, %) =T [X) = Aldsk) = 2(pb5>)
=7 (D*) =[[o4,]}= faf = {l(; 0)

VM& ﬂl(X;x’), bl~e,,
U is m//ea/ nu / /;a ma-fa,?:'a

YL



Exercise

in %J

d Su

T3

2

D

Note 'M&t{“ Kowét/@fj S fwo spoce
Ure associuted 4o i;p sam€
Sandaynental gkouf/ fAe)/ Cen ée
nanv/mmcomw/a%‘c.

1

€. /. K Voore st

e o
% n
2, /K ) }}Q éaﬂ{omc’k’p}r ‘c
2 foj D e /po/i‘i‘{ 5/96(56

, 24 S <« fo ]
s ~

e Ct// 77/ /X[): € - 1.
A U—E )‘C ’/ ,-.

f;m 0,0. 4p <o )JD(&{./DM ‘i S’va’Z,Lc/— See
égampvpér§m

~— ———— —

They are all s onlor etmnpéf of
E’f "mr/e 1

Move f)aym;?/féf 7, (x) = 1
X= o conveX set in (R

n
X = a cone

X = o star- Jrle spece N U{n

P

#3



Onre more S/m/éu— efdmfé >f
exam e

Py <y

ﬂ[(/u/w/cfweﬁf/ﬂ/

4$$oc/ate —to /fje sane
P TR = TR K)
1905% l</ MAZ KL € st (“§07/"P’k'

7, (R’- Ki)=7 UK}’ K:)
=<Lx, 4| ggzz‘)

% Observatiom!

Kowt Group G (K)

= T (RVK)

chments in THUR'NK) ove  equswlente
dnsses of (oops based s ambierd
spose /kg\l(

=) Since +he space s -ele a:m/«/eme/lf
of e knot, the elements of ZR\K)

are /)amo-{olnc classes of loops
which do wot intersect the knot.

=) IF a /aor ol J)e" wot /'/)/CKC‘{ k/

then o c R\K

&y



Def | A knot is an embeding LI t= 1)
from s/ < IR.Z
f: s 7——>Illg
Def Two kaots ove kohf/'c F Jan l'rd'qy
{1‘7)) 1€ rO,IJ S 7
‘f"‘f, 4'"1 a'v ‘f'
Def Kpot J‘a,mms , e.g.
S
its o
o rihin| arkaot -tu-ﬂm/ I‘"'S
IR, et o
spasc.

© G

£ aan -e:a‘t‘ krrts
X Any Jmﬁmm becomes crn wnbmot §
we 6/'0«”1¢ Som € CW‘{/ha efm;n

A+ X

4%



R >*.~:7.m((0 or {F

R
R3

74
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The gkoul; o—f- —tre’rp;l kot

@

Fun a/ﬂm en'fn/ @udﬂ&//f

Ares
X Yy z
Lrossing relation
® Z=y b X
& y: X b Z
@ x=%2°%7

T (R\K) s e

—funaé«meﬁfa/ §7°°P
of +he hnot%

6 m/:/emeﬂ £ m

S/Jace.

Kfn-f 6'7*001/9
Zaan
;A L) c

. i

lasrons

/ M on re
Can]uyad "A
= C-A a/

ac = ba
b= Ela(_"
4 = b-'Cb ;E-’

\’-——\f/

W.‘rt:'nj-er /":{m{af'bh )
a{cu’da( b/ “ij Re,"/"(ﬁ’f’

noves

Left and right pordded

Yefoil knsts hat 't‘ e/
Same Pﬂ{&”’t“'{“o" b

47



5';,,,1'{),;,,] +he previoas resuwl !
Z(R\K )= <asd,c|c=alba, beclac a=b%d>
= a=h e
be(ba)lal(a'ba) —®
z "l-/aac{’éa
= “ﬁl’—’aL a
=) ab = b"al:a

= LaL=aLLOt
O, # cort wih @
aLa = LAL

S R( (u{’\K) =<a,bl abaz=balb>

obe

abe

aéa
=) ba L

o g ly=x*> :“‘7



Some more oz il s

as \}36/’ / Dihedral groap Ls
b=y & " /
_ #r S 4"" O, >
-y b’x 2 4> R. / of “(:.ﬁ,/,(,,'/ ,f:’;’/ar
. ¢ uctucd,
D6=<R,Tl RssT =e :'?nel'{fr{f;ﬁt)
);’L ] sz_l =RTRT Y f; D, (imitd
o,
=) Ly" = b‘x-" ¢ GIR)—= DJ '
-l - :"}ed:‘e
Yy = bx Aowomorphism
_ ——
bey'x* ducser than By

= -l
=X x"y =X )

Since a” Imo{: are /'omeomarr/»'t ‘o S: So ,/9»4'Le
tw’l-ru@ft/ lvl'f‘ I(s')= Z, ana/ o anknol Aas o S”‘P(’

/;'Le _5" au/ Soy m[un’cho-l) =Z T‘e V‘/ €2 cose -rumLAqu
group n z/«'rr:'ngm';/‘ knsts ¢s 6( c,np'a/erini the
structdré of -tAe caﬂf’elneﬂ{ o q

e brced point 0 IRP\K, and
gl zhe

id od

‘fopa/oén'[ m/

knot and by takirg
usc loaps_based at that point to invest

4’”‘1( ”{}\K A mor e 4}’5{9”’“{'2 way 'S “ﬁ"? bra
solid forus [in the urpcm/fx).

¢f



A”"l{cn—{ <pace X=/Iez

nt¥
X
y-173)
}/
d:I=>X
B:I-= X

g/'/x: [":l}—)X

/’/xw = [/-x)xt) + APHE) , x€ [2,1]

7(,(X): [ol,;: /

$ 474
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Amd; ent space X=/k \f”/’?

1Y
o
V- 173)
%
d:IT=2>X
B:l= X

X}/x F 100, 0] » X

~Z
7)) = {ots, oif = <47

s/

A 4



X=IR \ {2,°] —\f =
;»c,’a/er o

Y

,w:/ure



EK“MP/e .
Y:= 8! Y

%
Ao = wuc{aﬁf [00/9 = Xo
oti (€)= 1 (mod 1) )
f:0
oL, (2)=(n+1)t wod 1) -1 oy
ne Z, telk.
oLy ()= T (red 1) t-%

[dkj"é[“_( ];[04/]

@) O
< &
| 0(;}\‘\ ‘ ':’, r A~ r:r Q

T (s')=2Z
T (S~ e = LR =T (K)

A

f -~ -~ J
"”e/os‘re//,’,p;’_gl/w —_— - ”’l[”{}
aft Ao on 8 can sfynk by vsty
3

a Am-&a’/ G  thir Aosed f"""{ 2



Examla/c 3 (s'xd)
Given X=T", a torus
X is a <opologiaal space

@ Clarm: o, B are
two omnly 7ener-«/or

L4
of 7T(T"*)

add suhﬁle

—>>—] read G : aéa"[/
netice the /oDlDS o, ,@
are on f}‘Q elJJes a, L

T % 2 wlx[p]+[&'Ix[6"]
=lel

o [w]x[pl=[8I*[«]

=) 7[[7“) 'S tommaTE.

ey. {o&y]*[F‘] 4![04’3]-)6[,8-?]

= [&)x[Sx [#T[ET]

CAUT)
is Commatative

=[]« (€]
F Ja acnem/) o ye 71[7"/
then o Ang e form [ o] [ F’j

moneZ

2 UT) =7« Z

s



El{amp/e¢ M? o g-genus torus, §2a
Claim : ZTLMg ) s non-aée/v'an.

o B, B, da.p,d;l.él’f
{2, ,81l, 1€
I, w4 B
which cannot
be simplfied
te oy po= pr s

AoU/-t;'ona///,
ﬁlM)) = <0(1, ﬁ,, 0()) /5; l rd‘/ﬁl]&a)‘a}#

Evample &

l‘/lﬂ{l"&’ll'd aﬂ/:'fv:/q/ xéabl
XX

Rfa/l,yod'zcllbf f/ane.

oL
>—"%o
oL or
% "1 7
Xe o %o < ol

ol foun

Z(RP)- f[e}?qj = zrf)ffo, 7 s

or = (Z‘) 0) ={'lv 4’(} W"‘t \'o’)
¥ ﬂtk&) s a 2ors, D7 akbulb W“/f,")’[(a.‘ﬁon

since [ [e] af
Ss”

(wri + \



Excumple 6.
L M5 bias Lma/) -7

B detfov ymation retreceton on o it
core civele =) 77 ( Mlob as band)

(o, 17x (4] =7(5)=<|>=Z

Emm-f/c 7
71l Klein bottle) =?

combine

\Z // 2’ Z 3 gmabivg An'/!
e >
<
(omb/ne l//
g7l
\% Zv Z 3 gmabies LGf/s'
e 4
\/
v
<\M

U/ N Ua. = V; V is homeomorghe JL.{,&.‘ retw (€
40 a cy//'m/er/ 7 ( c>//,'/n/er )a7(s)

=Z
T V) x<xo> =z, ,7“/»)&((7).:‘:)
By Seifert- Van Kawpen
TX)=(Z % Z)/\
N is normal ‘“Lj”o"(’ 6:;:44-0-&-;/ 1’)’
the clement (i), @iy ), ()
= ﬂlx)=<x,4/x1=g=>‘ 46



Con c /MGI'D)’) .

By “5""? Cor $2.§ Func{arc‘a/ PrafEIfy
un‘fm'POS/.{"lfe), we can

fle 47 ca,/cu/afr‘né exam/a/es
o llowi‘nq /o —Funcétmehéc/

tat 4o show

(its co

¢ Iu‘!f—F)/
into the

§roups anel wse Corollary

Shot i Awo sprces A€ agsoc aling

10 different groups then -t‘gy are

nol homeom 9r,>£.z~,

v) 7T, (x)=1 N
o bet [l RS S, £0, D,

[} n
a eone, Qa convex set in IR,
o chope

tur- lke space n IR spaces A

a star-1/ ,

s“‘l‘ "“. x) )/a z; 7: i C) Eo F; é, H, I; jt Kl Llyll
57 N.U VY, W



) WX = Z

X can L&‘.’Z
an unknot, IR&\fD, 0]’ a M&ti&s waL

a cybinder, A D, O,P, @, R-chre geces
() TIX) = ZXXE

S') “{3\K where K 15

ro-mony
X ean be Slx-")‘g/
—
n- oy
Z‘F n=2, S'X S(, Or, X can Le n'["‘ff'/wfo
‘-')-fiaut(-fgl»( ot ot TOrug Zx-AZ
) 7, (x)= (Z. 1) ;% “Froy
/¥ X =RP, e
<) 70, (X) = (Z.,°)
i X =RP,

W T (X)= <X 4lx =4 >
i X =a Klin bott /e

) T (%) =<0 H x3= ¢ )
FX=a -tfe-roi/ knot

¥



(8) 70U X)= Loli,ola | o obsoly= o diods)
if X = a tredoil knot

(7) TLX)= Lolisolasody| oy = ods oyl
az o oy,
ol3 = 0(;. °(( 04;' >

/{ X: a ‘ftc—ﬁ::‘/ /<ﬂ°‘f

((0) 77,()() = ¥, ) By » Xr s /g&[
[Xu;ﬂl]' ["("ﬁzjz ‘Z >

| p-1
wilere [0([, /5‘.1.': o(“ ,5,_‘ 0‘[ ﬂi,

o

7



AFM.X: A sysfepmf/'( wa«

4 C’”f‘l‘l‘e éﬂbf 7}—4(4/2
by u$/'ﬂ] 6;-“,';/ 3*’“/’ ‘”‘[
Se fert - Ven Kemfan 7‘0”



@ : Hou/ 4 write ;A)wn a funa/amcné‘/
ql’iﬂf o-r a cam/)/lmeﬂf p-F a é/]ﬂé

(<l. a Jkour of a kﬂof?

6/



ConS‘/'Jcr -t‘rec Pa-{/< 01,,01),&3 "

/K? s Solows ¢

Braicl

forrem
DY,

y \x, t)
1Y I

2 2"

Zefo. (T
ol‘-(-c'); ( 'Fc{/,{j

E.UIF Fwt), idi. W

(-l mot ollow X
and eoch 1, 3/ 1 Gogeing
f.()- Z,

"D permtti,



1

MK//
il

Lvn l"t‘ @T Z

[E (‘{); f) 7 -&}ey oré ezw'”_/",{ ;1[.
(6.¢),1)

]HJ["{), H: is a homoTopy.
$. ¢ H‘. (D)‘t)z Flf)

’{“ L’) ") = 6; 87
t'-e. for each $, M: defines a lrar?{

b3



Thevr we can derive a new §roup
(L*‘h"él j"“f) /{;;w,

cq.
() €
(1) invwe

(1) owocirtiisy.

., ()
Cv) \ G°F
}\\ |

— <t T

- hn-ﬁyura-{t'on s}mte

prls

:@2; > Afor ea:‘ eross - sec{:on

OC.=flz.. .. 2): 242 ¥ c#j}

"l

g o]

e ®

UCk= 0[k/s,<

— 1]
Permmy ot -on

> g,,,,,',,[ grovp = 7, ( U(’K (2, 3/:)),
44



GeneraTors o—F Braid J""l’-

N1 s

{

Some preo PQ,V‘/I'¢$ -fa/ wmf}t'-/a//'onf:

.. | ). .. N\ ( commutont vy
/ ( 6;.../\._. 7)
) G

65 S S¢

Oi6r - & Gy ¥ li-g122.

J
X[ &
/
I A vy
6:- 0-2416—1' "'0";,0:.6':,_((

6%



A\'il‘/\ Aetion
Ar  Artin Act/an s an act’n of he

n- HrdnJ ﬁrm'él 3*00'/3 Bn L)/ au{amrpA#m:

on de dree groef T

B" il Tl‘l ;}[k ’ ZCZ_ 215 a collecton ~f f”}‘{‘

unoulentl 20,)2,---» 2v
configureti s spoe. o n,w'rf{

£ T (R\ z) 2
| —-,( e. Punc‘ﬂ'fal 4 ’f; n “
Y

/t‘_’ ZxZxZ o 3 Hfree i

3 7¢h¢m{o.,sl
%)
iz 5 > aééﬂ
NG ‘V .
. @Y ™
7. < 7(‘; ? a D5 ab o La! fSZN wha
<, 2 :‘—Z/(Z b)_() . o ﬁtb):a



gaﬂ)ose B s an 7- s-{'rana[ Arak/

insicle D x To, 1],

Consider the quot,ent spacc

D*x sl (DX To,13)/~ , (x,2I~(X,1)

D B chses vp o becorme a
tollection of embeded circles C@
in D’xs'

>7t /s called e braid closure Cg of B

2 - strand B o"' s an unkno?

(52

2 - S‘fiwul B 6’3 S o -tre-{;«'/

=/

P-g .

E’.’.




§uppa$e )(6 =(p x S") \ CB is the
tomplement of &  D'xS!

Let 7#<{fijx fofle (D*% [211)/~.
gi')oj D“CC i 'eD‘

761%3) x) <°‘I} lxn Al 3"‘#?' l<,
k=t 0D

Ais the loop xxS'

For k€621, o is the elemen!

of .T[((D | £2,.. 2. ] g ven é’

the [aor in the below —rr'durt ard

denoles

O @)

Z(D'\ §&.»2n] )

4%



Let DLX s! be emlea/w/ as the
standurel solid tovus in R
) uf \ CB hos the fanaévmeﬁ{a/ gro«p:

T (KN Cg) =< ooy R | = B,
k=),.., n>

where  @(ay ) is He Artia action

of B on Hhe f£ree greup L&y, -y ).

L, Toke A=l in 4he lemma.
[/l-t{ac/u'nj 2-CW- cells a/onj
the circle Xx S such thot the
relut'on A=| 1 the presertation
-fwm -t/e ,lemvm)
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@: How 1o write down a -ﬁn/amm#‘/ %, -JJ/»OL o0 03 "(,,;,,',\ 20 cancel

(o 1 €1 b'n{/ g
qrop o a cam,/ /:al :F a the me/ﬂ’f of e disk. w L’l;‘t(ﬂl
ie. a group F 4 o7 7 =

7[1(“(?\‘(” <L, .., "(4’ a"‘fb(l’; ““ 3)
A ideal any knot can be put inls a braid T “-f (2
)
eg. toke A= .

Loy Areoili =3, fov “""/ Ay = ¢ L"(n)> —-&

o> F () sot; oty ) o4y

=0 gy An i ,}:, exam,’/f, ﬂ.(lKJ\K’) (Ub\kﬂ"{)

15 o tredoll kaot o (51 b 3 o
2 =, o 5
jdead: put it te a sol'b/ Aorug, (@ iy
Corus X we

s foy = L&, | &, = %, ezt >
find 10X) by
Ushng. Ve = K&

Koo pests )

o0 -z

) ‘.’e‘ Q- ‘_{ml Lfﬂl.‘/ d,
idea 3. dind the fomdmmertal groog TLT\K - | 2l
de !¢ J o-' u} = o{p %4 (o( ‘)

s
o (B) = %
O ,' So, L/ fllc /emma

g _ , — ,

., >( o <dl ﬁ) A 1/1 A" ﬁ /
# s «, A/S Aotz

2 Ly, i, A A A= o !

A’ (ke A1)

O it an anket =L, Bl a=apdl asp>
idew 4. T(T\K) vs 7, (R*\K)

=&l
K 1 o~ Z

3
T (TAK )= & ki ors dos A ] 20X ple
i belyosm

O\

ﬂ,(tk’\K); 7 (TV W\K)

Hometopy equivmleat 4o RAK fv
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